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Abstract
We establish the descriptive set theoretic representation of the
mouse M#n , which is called 0(n+1)#. This part deals with the case
n > 3.
1 Introduction
This is the final part of a series starting with [8]. In this paper, we general-
ize the previous three papers to the higher levels in the projective hierarchy.
Section 2 makes the purely syntactical definitions on trees of uniform cofinal-
ities and descriptions that will show up in the higher levels. Section 3 writes
down all the inductive definitions and hypotheses under ∆12n-determinacy.
Section 4 proves a part of the inductive hypotheses in Section 3 under Π12n+1-
determinacy. Section 5 proves the rest of inductive hypotheses under ∆12n+2-
determinacy, thereby finishing a cycle of the induction.
As introduced in [10, Section 1.1], a technical component in the level-2
and level-3 analysis is a self-similar stack of definitions. This stack grows
to the higher levels. The whole picture is in Fig. 1. Every node has a
distinguished name in this diagram and denotes a tree of uniform cofinality.
The number denotes the level of the tree, e.g. 5a denotes a level-5 (or level
≤ 5, to be exact) tree of uniform cofinality. An arrow stands for a factoring
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Figure 1: The longer stack of definitions
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map. A solid line stands for membership, e.g. 4a is the tree component of an
entry of 5a. The stack of definitions goes in the following order:
• 1c-description,
• (1a, 1c)-factoring map,
• (2a, 1c)-description,
• (1b, 2a, 1c)-factoring map,
• (2b, 2a, 1c)-description,
• (2c, 2b, 2a)-factoring map,
• (3c, 2b, 2a)-description,
• (3a, 3c, 2b)-factoring map,
• (4a, 3c, 2b)-description,
• (3b, 4a, 3c)-factoring map,
• (4b, 4a, 3c)-description,
• (4c, 4b, 4a)-factoring map,
• (5c, 4b, 4a)-description,
• (5a, 5c, 4b)-factoring map,
• (6a, 5c, 4b)-description,
• (5b, 6a, 5c)-factoring map,
• (6b, 6a, 5c)-description,
• (6c, 6b, 6a)-factoring map,
• (7c, 6b, 6a)-description,
• (7a, 7c, 6b)-factoring map,
• . . . .
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2 Syntactical definitions at the higher levels
The definitions related to trees of uniform cofinalities are purely syntactical.
They will be defined inductively. The base of the inductive definition are
in [8–10]. For notational consistency, a level-1 tree P will be identified with
a function on P with constant value ∅. A level ≤ 1 tree is P ′ = (P ) where
P is a level-1 tree. If P ′ = (P ) is a level ≤ 1 tree, put P = 1P ′ and
put dom(P ′) = {(1, p) : p ∈ P}. P ′ is regarded as a function on dom(P ′)
with constant value ∅. A partial level ≤ 1 tree (P, p) will be identified with
((P ), (d, p, ∅)), where d = 0 if p = −1, d = 1 if p 6= −1. A potential partial
level ≤ 1 tower (P, (pi)i≤k) will be identified with ((P ), (di, pi, ∅)i≤k) where
di = 1 for any i < k, dk = 0 if pk = −1, dk = 1 if pk 6= −1.
A level ≤ 2n + 1 tree P is regular iff 2n+1P is regular and if 2n+1P = ∅,
then dom(P ) = {(2i, ∅) : 1 ≤ i ≤ n}. A partial level ≤ 2n + 1 tree is a pair
(P, (d, p, Z)) such that P is a finite regular level ≤ 2n+ 1 tree and either
1. (d, p) /∈ dom(P ), there is a regular level ≤ 2n+1 tree P+ extending P
such that dom(P+) = dom(P ) ∪ {(d, p)} and dP+tree(p) = Z, or
2. 2n+1P 6= ∅, d = 0, p = −1, Z = ∅.
The degree of (P, (d, p, Z)) is d. Put dom(P, (d, p, Z)) = dom(P ) ∪ {(d, p)}.
If d > 0, a completion of (P, (d, p, Z)) is a level ≤ 2n+ 1 tree P+ extending
P such that dom(P+) = dom(P ) ∪ {(d, p)} and dP+tree(p) = Z. The uniform
cofinality of (P, (d, p, Z)) is
ucf(P, (d, p, Z)),
defined as follows:
1. ucf(P, (d, p, Z)) = ucf(≤2nP, (d, p, Z)) if d ≤ 2n;
2. ucf(P, (d, p, Z)) = (0,−1) if n = 1, d = 0;
3. ucf(P, (d, p, Z)) = (1, p−) if n = d = 1;
4. ucf(P, (d, p, Z)) = (2n + 1, (p′, Z,
−−−−−→
(e, z, Q))) if n ≤ 1, d = 2n + 1,
2n+1P [p′] = (Z,
−−−−−→
(e, z, Q)), and p′ is the<BK-least element of
2n+1P{p,+, Z};
5. ucf(P, (d, p, Z)) = (2n + 1, (p−, Z,
−−−−−→
(e, z, Q))) if n ≤ 1, d = 2n + 1,
p 6= ((0)), 2n+1P [p−] = (Z−,
−−−−−→
(e, z, Q)), and 2n+1P{p,+, Z} = ∅;
6. ucf(P, (d, p, Z)) = (2n+ 1, ∅) if n ≥ 1, d = 2n + 1, p = ((0)).
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A partial level ≤ 2n + 1 tower of discontinuous type is a nonempty fi-
nite sequence (~P ,
−−−−−→
(d, p, Z)) = (Pi, (di, pi, Zi))i≤k such that
2n+1P0 = ∅, each
(Pi, (di, pi, Zi)) is a partial level ≤ 2n + 1 tree, and Pi+1 is a completion
of (Pi, (di, pi, Zi)). Its signature is ((di, pi))i<k. Its uniform cofinality is
ucf(Pk, (dk, pk, Zk)). A partial level ≤ 2n + 1 tower of continuous type is
(Pi, (di, pi, Zi))i<k
⌢(P∗) such that either k = 0∧2n+1P∗ = ∅ or (Pi, (di, pi, Zi))i<k
is a partial level ≤ 2n + 1 tower of discontinuous type ∧P∗ is a completion
of (Pk−1, (dk−1, pk−1, Zk−1)). Its signature is (di, pi)i<k. When k > 0, its uni-
form cofinality is (1, qk−1) if dk−1 = 1, (dk−1, (pk−1)
⌢dk−1P∗[pk−1]) if dk−1 > 1.
A potential partial level ≤ 2n + 1 tower is (P∗,
−−−−−→
(d, p, Z)) such that for some
~P = (Pi)i≤k, either P∗ = Pk ∧ (~P ,
−−−−−→
(d, p, Z)) is a partial level ≤ 2n + 1 tower
of discontinuous type or (~P ,
−−−−−→
(d, p, Z))⌢(P∗) is a partial level ≤ 2n+ 1 tower
of continuous type. The signature, (dis-)continuity type, uniform cofinal-
ity of (P∗,
−−−−−→
(d, p, Z)) are defined according to the partial level ≤ 2n + 1 tree
generating (P∗,
−−−−−→
(d, p, Z)).
ucf(P∗,
−−−−−→
(d, p, Z))
denotes the uniform cofinality of (P∗,
−−−−−→
(d, p, Z)). If (P∗, (di, pi, Zi)i≤k) is a
potential partial level ≤ 2n + 1 tower of discontinuous type, then P+ is one
of its completions iff P+ is a completion of (P∗, (dk, pk, Zk)).
A level-(2n+2) tree is a function Q such that dom(Q) is a tree of level-1
trees, ∅ ∈ dom(Q) and for any q ∈ dom(Q), (Q(q ↾ l))l≤lh(q) is a partial level ≤
2n+1 tower of discontinuous type. In particular, Q(∅) = (P, (2n+1, ((0)), Z))
where dom(P ) = dom(Z) = {(2i, ∅) : 1 ≤ i ≤ n}. If Q(q) = (Pq, (dq, pq, Zq)),
we denote Qtree(q) = Pq, Qnode(q) = (dq, pq), Q[q] = (Pq, (dq↾l, pq↾l, Zq↾l)l≤lh(q)).
So Q[q] is a potential partial level ≤ 2n + 1 tower of discontinuous type.
If P is a completion of Q(q), put Q[q, P ] = (P, (dq↾l, pq↾l, Zq↾l)l≤q), which is a
potential partial level ≤ 2n + 1 tower of continuous type. For q ∈ dom(Q),
put Q{q} = {a ∈ ω<ω : q⌢(a) ∈ dom(Q)}, which is a level-1 tree; if P is a
level ≤ 2n+ 1 tree, put Q{q, P} = {a ∈ Q{q} : Qtree(q
⌢(a)) = P}.
For Q a level-(2n + 2) tree, let dom∗(Q) = dom(Q) ∪ {q⌢(−1) : q ∈
dom(Q)}. If q 6= ∅, denoteQ{q,−} = {q−⌢(−1)}∪{q−⌢(a) : Qtree(q−⌢(a)) =
Qtree(q)∧a <BK q(lh(q)−1)}, Q{q,+, P} = {q−}∪{q−⌢(a) : Qtree(q−⌢(a)) =
P ∧ a >BK q(lh(q)− 1)}. Q{q,+, P} is defined even when q /∈ dom(Q). For
q ∈ dom∗(Q), q is of discontinuous type if q ∈ dom(Q); q is of continuous
type if q ∈ dom∗(Q) \ dom(Q). A Q-description is a triple
q = (q, P,
−−−−−→
(d, p, Z))
such that q ∈ dom∗(Q) and either q is of discontinuous type ∧(P,
−−−−−→
(d, p, Z)) =
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Q[q] or q is of continuous type ∧(P,
−−−−−→
(d, p, Z)) = Q[q−, P ]. A Q-description
(q, P,
−−−−−→
(d, p, Z)) is of (dis-)continuous type iff q is of (dis-)continuous type. The
constant Q-description is (∅)⌢Q[∅]. If a Q-description q = (q, P,
−−−−−→
(d, p, Z)) is
of discontinuous type and P+ is a completion of Q(q), then q⌢(−1, P+) =
(q⌢(−1), P+,
−−−−−→
(d, p, Z)). Q is Π12n+2-wellfounded iff
1. ∀q ∈ dom(Q) Q{q} is Π11-wellfounded,
2. ∀y ∈ [dom(Q)] Q(y) =DEF ∪n<ωQtree(y ↾n) is not Π12n+1-wellfounded.
A level ≤ 2n+2 tree is a tuple Q = (1Q, . . . , 2n+2Q) such that dQ is a level-
d tree for 1 ≤ d ≤ 2n + 2. dQ always stands for the level-d component of a
level ≤ 2n+2 tree Q. ≤dQ denotes the level ≤ d tree (1Q, . . . , dQ). dom(Q) =
∪d({d} × dom(dQ)). Q is regarded as a function sending (d, q) ∈ dom(Q) to
dQ(q). dom∗(Q) = ∪d({d}×dom
∗(dQ)). desc(Q) = ∪d({d}×desc(dQ)) is the
set of Q-descriptions. (d,q) ∈ desc(Q) is of continuous type iff d ≥ 2 and q
is of continuous type; otherwise, (d,q) is of discontinuous type. Q is Π12n+2-
wellfounded iff ≤2n+1Q is Π12n+1-wellfounded and
2n+2Q is Π12n+2-wellfounded.
Suppose Q is a level ≤ 2n+2 tree. An extended Q-description is either a
Q-description or of the form (d, (q, P,
−−−−−→
(e, p, Z))) such that (d, (q⌢(−1), P,
−−−−−→
(e, p, Z)))
is a Q-description of continuous type. desc∗(Q) is the set of extended Q-
descriptions. (d,q) ∈ desc∗(Q) is regular iff either (d,q) ∈ desc(Q) of dis-
continuous type or (d,q) /∈ desc(Q).
A partial level ≤ 2n+2 tree is a pair (Q, (d, q, P )) such that Q is a finite
level ≤ 2n+ 2 tree, and either
1. (d, q) /∈ dom(Q), there is a level ≤ 2n + 2 tree Q+ extending Q such
that dom(Q+) = dom(Q) ∪ {(d, q)} and dQ+tree(q) = P , or
2. (d, q, P ) = (0,−1, ∅).
The degree of (Q, (d, q, P )) is d. If d > 0, a completion of (Q, (d, q, P )) is a
level ≤ 2n+2 tree Q+ extending Q such that dom(Q+) = dom(Q)∪ {(d, q)}
and dQ+tree(q) = P . When n = 1, the uniform cofinality of (Q, (d, q, P )) has
been defined in [10]. When n ≥ 1, the uniform cofinality of (Q, (d, q, P )) is
ucf(Q, (d, q, P )),
defined as follows:
1. ucf(Q, (d, q, P )) = ucf(≤2nQ, (d, q, P )) if d ≤ 2n;
2. ucf(Q, (d, q, P )) = (2n+2, (∅)⌢2n+2Q[∅]) if d = 2n+1, q = max<BK (dom(
2n+1Q));
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3. ucf(Q, (d, q, P )) = (d, (q′, P,
−−−−−→
(e, p, Z))) if 2n + 1 ≤ d ≤ 2n + 2, dQ[q′] =
(P,
−−−−−→
(e, p, Z)), and q′ is the <BK-least element ofQ{q,+, P}, q′ 6= q−;
4. ucf(Q, (d, q, P )) = (d, (q−, P,
−−−−−→
(e, p, Z))) if 2n+1 ≤ d ≤ 2n+2, dQ[q−] =
(P−,
−−−−−→
(e, p, Z)), and dQ{q,+, P} = {q−}.
A partial level ≤ 2n+ 2 tower of discontinuous type is a nonempty finite
sequence (Qi, (di, qi, Pi))1≤i≤k such that dom(Q1) = {(2i, ∅) : 1 ≤ i ≤ n +
1}, each (Qi, (di, qi, Pi)) is a partial level ≤ 2n + 2 tree, and each Qi+1 is
a completion of (Qi, (di, qi, Pi)). Its signature is (di, qi)1≤i<k. Its uniform
cofinality is ucf(Qk, (dk, qk, Pk)). A partial level ≤ 2n+2 tower of continuous
type is (Qi, (di, qi, Pi))1≤i<k
⌢(Q∗) such that either k = 0 ∧ Q∗ is the level
≤ 2n+2 tree with domain {(2j, ∅) : 1 ≤ j ≤ n+1} or (Qi, (di, qi, Pi))1≤i<k is
a partial level ≤ 2n + 2 tower of discontinuous type ∧Q∗ is a completion of
(Qk−1, (dk−1, qk−1, Pk−1)). Its signature is (di, qi)1≤i<k. If k > 0, its uniform
cofinality is (1, qk−1) if dk−1 = 1, (dk−1, (qk−1)
⌢dk−1Q[qk−1]) if dk−1 > 1. A
potential partial level ≤ 2n + 2 tower is (Q∗,
−−−−−→
(d, q, P )) such that for some
~Q = (Qi)1≤i≤k, either Q∗ = Qk ∧ ( ~Q,
−−−−−→
(d, q, P )) is a partial level ≤ 2n+2 tower
of discontinuous type or ( ~Q,
−−−−−→
(d, q, P ))⌢(Q∗) is a partial level ≤ 2n+ 2 tower
of continuous type. The signature, (dis-)continuity type, uniform cofinality
of (Q∗,
−−−−−→
(d, q, P )) are defined according to the partial level ≤ 2n + 2 tree
generating (Q∗,
−−−−−→
(d, q, P )).
ucf(Q∗,
−−−−−→
(d, q, P ))
denotes the uniform cofinality of (Q∗,
−−−−−→
(d, q, P )).
A level-(2n+3) tree is a function R such that ∅ /∈ dom(R), dom(R)∪{∅}
is a tree of level-1 trees and for any r ∈ dom(R), (R(r ↾ l))1≤l≤lh(r) is a partial
level ≤ 2n + 2 tower of discontinuous type. If R(r) = (Qr, (dr, qr, Pr)), we
denote Rtree(r) = Qr, Rnode(r) = (dr, qr), R[r] = (Qr, (dr↾l, qr↾l, Pr↾l)1≤l≤lh(r)).
R[r] is a potential partial level ≤ 2n + 2 tower of discontinuous type. If
Q is a completion of R(r), put R[r, Q] = (Q, (dr↾l, qr↾l, Pr↾l)1≤l≤lh(r)), which
is a potential partial level ≤ 2n + 2 tower of continuous type. For r ∈
dom(R) ∪ {∅}, put R{r} = {a ∈ ω<ω : r⌢(a) ∈ dom(R)}, which is a level-1
tree. For r ∈ dom(R) and a level ≤ 2n + 2 tree Q, put R{r, Q} = {a ∈
R{r} : Rtree(r) = Q}. R is regular iff ((1)) /∈ dom(R).
Suppose R is a level-(2n + 3) tree. Let dom∗(R) = dom(R) ∪ {r⌢(−1) :
r ∈ dom(R)}. For r ∈ dom∗(R), r is of discontinuous type if r ∈ dom(R); r is
of continuous type if r ∈ dom∗(R)\dom(R). For r ∈ dom(R), put R{r,−} =
{r−⌢(−1)} ∪ {r−⌢(a) : Rtree(r−⌢(a)) = Rtree(r), a <BK r(lh(r) − 1)}. For
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r ∈ dom(R) and a level ≤ 2n+2 tree Q, put R{r,+, Q} = {r−} ∪ {r−⌢(a) :
Rtree(r
−⌢(a)) = Q, a >BK r(lh(r) − 1)}. The constant R-description is
∅, which is of discontinuous type. An R-description is either the constant
R-description or a triple
r = (r, Q,
−−−−−→
(d, q, P ))
such that r ∈ dom∗(R) and either r is of discontinuous type ∧(Q,
−−−−−→
(d, q, P )) =
R[r] or r is of continuous type ∧(Q,
−−−−−→
(d, q, P )) = R[r−, Q]. A non-constant R-
description (r, Q,
−−−−−→
(d, q, P )) is of (dis-)continuous type iff r is of (dis-)continuous
type. If an R-description r = (r, Q,
−−−−−→
(d, q, P )) is of discontinuous type and Q+
is a completion of R(r), then r⌢(−1, Q+) = (r⌢(−1), Q+,
−−−−−→
(d, q, P )). An ex-
tended R-description is either anR-description or a triple (r, Q,
−−−−−→
(d, q, P )) such
that (r⌢(−1), Q,
−−−−−→
(d, q, P )) is an R-description of continuous type. desc∗(R)
is the set of extended R-descriptions. An extended R-description r is regular
iff either r ∈ desc(R) of discontinuous type or r /∈ desc(R). A generalized
R-description is either (∅, ∅, ∅) or of the form
A = (r, π, T )
so that r = (r, Q,
−−−−−→
(d, q, P )) ∈ desc(R) \ {∅}, T is a finite level ≤ 2n+ 2 tree,
π factors (Q, T ). desc∗∗(R) is the set of generalized R-descriptions.
R is Π12n+3-wellfounded iff
1. ∀r ∈ dom(R) ∪ {∅} R{r} is Π11-wellfounded, and
2. ∀z ∈ [dom(R)]R(z) =DEF ∪n<ω(Rtree(z ↾n))1≤n<ω is not Π12n+2-wellfounded.
If R is a level-(2n + 3) tree, LR is the language {∈, cr : r ∈ dom(R)}, and
Lx,R is the language LR ∪ {x}.
A level ≤ 2n + 3 tree is a tuple R = (1R, . . . , 2n+3R) such that dR is a
level-d tree for any d. dR always stands for the level-d component of R. ≤dR
stands for the level ≤ d tree (1R, . . . , dR). If Z is a level ≤ 2n + 2 tree and
W is a level-(2n + 3) tree, then Z ⊕ W denotes the level ≤ 2n + 3 tree
(1Z, . . . , 2n+2Z,W ). A level ≤ 2n + 3 tree R is Π12n+3-wellfounded iff
≤2n+2R
is Π12n+2-wellfounded and
2n+3R is Π12n+3-wellfounded. If R is level ≤ 2n + 3
tree, define dom(R) = ∪d{d} × dom(dR), desc(R) = ∪d{d} × desc(dR). R is
regarded as a function sending (d, r) to dR(r).
If R is a level ≤ m tree and (d, r) ∈ dom(R), d > 1, put R[d, r] = dR[r].
Suppose σ factors level-1 trees (P,W ). If p ∈ P , then (σ,W ) is continuous
at (1, p) iff either σ(p) = min(≺W ) or pred≺W (σ(p)) ∈ ran(σ); otherwise
(σ,W ) is discontinuous at (1, p).
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Suppose Q, T are level-m trees. A map π is said to factor (Q, T ) iff
dom(π) = dom(Q), q <BK q
′ ↔ π(q) <BK π(q′), q ⊆ q′ ↔ π(q) ⊆ π(q′), and
for any q ∈ dom(Q), Q(q) = T (π(q)). If π factors (Q, T ), π is allowed to
act on extended Q-descriptions as well. If m > 1 and q = (q, P,
−−−−−→
(d, p, Z)) ∈
desc∗(Q) then
π(q) =
{
(π(q), P,
−−−−−→
(d, p, Z)) if q is of discontinuous type,
(π(q−)⌢(−1), P,
−−−−−→
(d, p, Z)) otherwise.
Suppose Q, T are level ≤ m trees. π is said to factor (Q, T ) iff dom(π) =
dom(Q) and there is (dπ)1≤d≤m such that for any d,
dπ factors (dQ, dT ) and
π(d, q) = (d, dπ(q)) for any q ∈ dom(dQ). If π factors (Q, T ), dπ has this
fixed meaning. Suppose Q, T are both finite and suppose π factors (Q, T ).
π is allowed to act on extended Q-descriptions as well. If (d,q) ∈ desc∗(Q),
then π(d,q) = (d, dπ(q)). level-m tree isomorphisms and level ≤ m tree
isomorphisms have obvious definitions. If Q is a level-m or a level ≤ m
tree, idQ is the identity tree isomorphism between Q and itself. If π factors
(Q, T ) and ~β = (β(d,t))(d,t)∈dom(T ) is a tuple indexed by dom(T ), then ~βπ =
(βπ,(d,q))(d,q)∈dom(Q), where βπ,(d,q) = βπ(d,q).
Suppose Q, T are level ≤ m trees and π factors (Q, T ). (π, T ) is said to
be discontinuous at (0,−1). Suppose (d,q) ∈ desc∗(Q) is regular. (π, T ) is
continuous at (d,q) iff one of the following holds:
1. d = 1, either 1π(q) = min(≺
1T ) or pred≺1T (
1π(q)) ∈ ran(1π).
2. d = 2i, q = (∅, . . . ) ∈ desc(2iQ), either 2i−1T = ∅ or max<BK (dom(
2i−1T )) ∈
ran(2i−1π).
3. d > 1, q = (q, . . . ) ∈ desc(dQ), q 6= ∅, and letting t′ = max<BK
dT{dπ(q),−},
then either t′ = dπ(q−)⌢(−1) or t′ ∈ ran(dπ).
4. d > 1, q = (q, P, . . . ) /∈ desc(dQ), and letting a = max<BK (
dT{dπ(q), P}∪
{−1}), then either a = −1 or dπ(q)⌢(a) ∈ ran(dπ).
Otherwise, (π, T ) is discontinuous at (d,q). If (π, T ) is discontinuous at
(d,q), the decomposition of (π, T ) is (π+, Q+) such that Q+ is a level ≤ m
tree extending Q, π+ factors (Q+, T ), π+ extends π, and
1. if d = 1, then dom(Q+) \ dom(Q) = {(1, q+)}, q = q+ ↾ 1Q, 1π+(q+) =
succ≺1T (
1π(pred≺1Q(q
+)));
2. if d = 2 and q = (∅, ∅, ((0))), then dom(Q+) \ dom(Q) = {(1, q+)},
∅ = q+ ↾ 1Q, 1π+(q+) = min≺1T {a : ∀r ∈ dom(
1Q) 1π(r) ≺
1T a};
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3. if d = 2i > 2 and q = (∅, . . . ) ∈ desc(2iQ), then dom(Q+) \ dom(Q) =
{(2i − 1, q+)}, lh(q+) = 1, ∅ = q+(0) ↾ 2i−1Q{∅}, 2i−1π+(q+) = T (t+),
lh(t+) = 1, t+(0) = min≺2i−1T{∅}{a : ∀r ∈ dom(
2i−1Q) 2i−1π(r) ≺
2i−1T{∅}
(a)});
4. if d > 1 and q = (q, P, . . . ) ∈ desc(dQ), q 6= ∅, then dom(Q+) \
dom(Q) = {(d, q+)}, q+ = max<BK
dQ+{q,−}, and dπ+(q+) = dπ(q−)⌢(a),
a = min<BK{b :
dQtree(q
⌢(a)) = P∧∀r ∈ dQ(q,−)\{q−⌢(−1)} dπ(r) <BK
dπ(q−)⌢(b)};
5. if d > 1 and q = (q, P, . . . ) /∈ desc(dQ), then dom(Q+) \ dom(Q) =
{(d, q+)}, q+ = q⌢(max<BK
dQ+{q}), dπ+(q+) = dπ(q)⌢(a), a = min<BK{b :
dQtree(q
⌢(a)) = P ∧ ∀c ∈ dQ{q, P} dπ(q⌢(c)) <BK dπ(q)⌢(b)}.
If (π, T ) is discontinuous at (d,q), then pred(π, T, (d,q)) is a node in dom(T )
defined as follows:
1. If d = 1, then pred(π, T, (d,q)) = (1, pred≺1T (
1π(q))).
2. If d = 2i and q = (∅, . . . ) ∈ desc(2iQ), then pred(π, T, (d,q)) = (2i −
1,max<BK dom(
2n−1T )).
3. If d > 1 and q = (q, . . . ) ∈ desc(Q), q 6= ∅, then pred(π, T, (d,q)) =
(d,max<BK
dT{dπ(q),−}).
4. If d > 1 and q = (q, P, . . . ) /∈ desc(Q), then pred(π, T, (d,q)) =
(d, q⌢(a)), a = max<BK
dT{dπ(q), P}.
If (d,q) = (d, (q, . . . )) ∈ desc(Q) then put pred(π, T, (d, q)) = pred(π, T, (d,q)).
SupposeR is a finite level ≤ 2n+1 tree. ForA = (r, π, T ) ∈ desc∗∗(2n+1R),
define its uniform cofinality
ucf(A)
as follows: If r = ∅ then ucf(A) = A. Suppose r = (r, Q,
−−−−−→
(d, q, P )) 6= ∅,
lh(r) = k.
1. If r is of continuous type and (π, T ) is continuous at (dk−1, qk−1), then
ucf(A) = (r−, Rtree(r
−),
−−−−−→
(d, q, P )).
2. If r is of continuous type and (π, T ) is continuous at (dk−1, qk−1), then
ucf(A) = (r−, Q,
−−−−−→
(d, q, P )).
3. If r is of discontinuous type and (π, T ) is continuous at (dk−1, qk−1),
then ucf(A) = r.
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4. If r is of discontinuous type and (π, T ) is continuous at (dk−1, qk−1),
then ucf(A) = (r, Q+,
−−−−−→
(d, q, P )), where (Q+, π+) is the decomposition
of (π, T ).
We fix the notation for the trivial level ≤ 2n tree:
• Q(2n)0 is the level ≤ 2n tree with domain {(2i, ∅) : 1 ≤ i ≤ n}.
To be consistent with the higher levels, we rename some definitions in [10]
concerning descriptions.
Suppose Q is a level ≤ 2 tree and W is a level-1 tree. Put W ′ = (W ),
a level ≤ 1 tree. Then desc(Q,W ′, ∗) = desc(Q,W ) is the set of (Q,W ′, ∗)-
descriptions. Suppose D ∈ desc(Q,W ). If sign(D) = (wi)i<k viewing D as
a (Q,W )-description, then the signature of D is sign(D) = ((1, wi))i<k. If
ucf(D) = −1 viewing D is a (Q,W )-description then ucf(D) = (0,−1). If
ucf(D) = w∗ viewing D is a (Q,W )-description then ucf(D) = (1, w∗).
Inductively, we make the syntactical definitions of descriptions. In the
rest of this section, we suppose that n1, n2, n3 are consecutive entries of the
following list:
1, 2, 2, 3, 4, 4, 5, 6, 6, 7, 8, 8, 9 . . . (1)
Suppose Y is a level ≤ n3 tree and T is a level ≤ n2 tree. Then a
(Y, T,−1)-description is a (≤2Y, ≤1T, ∗)-description. The constant (Y, T, ∗)-
description is
1. (n3, (∅, ∅)), if n3 is odd;
2. (n3, ((∅)
⌢n3Y [∅], τ)), if n3 is even, τ factors (
n3Ytree(∅), T, ∗).
Suppose (Q,
−−−−−→
(d, q, P )) is a potential partial level ≤ n′1 tree, n
′
1 ≤ n1. If n
′
1 <
n1, then a (Y, T, (Q,
−−−−−→
(d, q, P )))-description is a (≤n2Y, ≤n1T, (Q,
−−−−−→
(d, q, P )))-description.
Suppose now n′1 = n1. Put
−−−−−→
(d, q, P ) = (di, qi, Pi)m0≤i≤m, wherem0 = 0 if n1 is
odd, m0 = 1 if n1 is even. Suppose m > 0. A (Y, T, (Q,
−−−−−→
(d, q, P )))-description
is of the form
B = (b, (y, π))
such that
1. If n2 is odd then b ∈ {n3 − 1, n3}. If n2 is even then d = n3.
2. y ∈ desc(dY ) is not the constant dY -description. Put y = (y,X,
−−−−−→
(e, x,W )),
lh(y) = k. If d is even, put
−−−−−→
(e, x,W ) = (ei, xi,Wi)i<lh(~x). if d is odd,
put
−−−−−→
(e, x,W ) = (ei, xi,Wi)1≤i≤lh(~x).
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3. If d = n3 then σ factors (X, T,Q). If d = n3 − 1 then σ factors
(X, ≤n1T,Q).
4. The contraction of (sign(π(ei, xi)))i<k is the signature of (Q,
−−−−−→
(d, q, P )).
(When (e0, x0) is undefined, the contraction of (sign(π(ei, xi)))i<k sim-
ply means the contraction of (sign(π(ei, xi)))1≤i<k.)
5. If y is of continuous type and (ek−1, xk−1) does not appear in the con-
traction of (sign(π(ei, xi)))i<k
⌢(sign(π(ek, xk)
−)), then π(ek−1, xk−1) is
of discontinuous type.
6. Put ucf(X,
−−−−−→
(e, x,W )) = (e∗,x∗).
(a) If e∗ = 0 then dm = 0.
(b) If e∗ = 1 then ucf(π(1,x∗)) = ucf(Q,
−−−−−→
(d, q, P )).
(c) If e∗ > 1, x∗ = (x∗, . . . ) ∈ desc(X), then ucf(π(e∗, x∗)) = ucf(Q,
−−−−−→
(d, q, P )).
(d) If e∗ > 1, x∗ = (x∗,W∗, . . . ) /∈ desc(X), then ucf
W∗(π(e∗, x∗)) =
ucf(Q,
−−−−−→
(d, q, P )).
We often abbreviate (b, (y, π)) by (b,y, π). If Q′ is a level ≤ n′1 tree, a
(Y, T,Q′)-description is a (Y, T, (Q′,
−−−−−−→
(d′, q′, P ′)))-description for some poten-
tial partial level ≤ n′1 tower (Q
′,
−−−−−−→
(d′, q′, P ′)) of discontinuous type. A (Y, T, ∗)-
description is either the constant (Y, T, ∗)-description or a (Y, T,Q′)-description,
where eitherQ′ = −1 orQ′ is a level≤ n′1 tree, n
′
1 ≤ n1. desc(Y, T, (Q,
−−−−−→
(d, q, P ))),
desc(Y, T,Q), desc(Y, T, ∗) denote the sets of relevant descriptions.
Suppose (Q,
−−−−−→
(d, q, P )) is a potential partial level ≤ n1 tower of discon-
tinuous type,
−−−−−→
(d, q, P ) = (di, qi, Pi)m0≤i≤m, and B ∈ desc(Y, T, (Q,
−−−−−→
(d, q, P ))),
y = (y,X,
−−−−−→
(e, x,W )), lh(y) = k,
−−−−−→
(e, x,W ) = (ei, xi,Wi)i. The signature of B
is
sign(B) = the contraction of (signQ∗ (π(ei, xi)))i≤k−1.
B is of continuous type iff y is of continuous type and π(el−1, xl−1) is of
∗-Q-continuous type. Otherwise, B is of discontinuous type. The uniform
cofinality of B is
ucf(B),
defined as follows:
1. If ucf(X,
−−−−−→
(e, x,W )) = (0,−1) then ucf(B) = (0,−1).
2. If ucf(X,
−−−−−→
(e, x,W )) = (1, x∗) then ucf(B) = ucf
Q
∗ (π(e∗, x∗)).
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3. If ucf(X,
−−−−−→
(e, x,W )) = (e∗,x∗), e∗ > 1, x∗ = (x∗, . . . ), then ucf(B) =
ucfQ∗ (π(e∗, x∗)).
If dm > 0, thenB is said to be of plus-discontinuous type, and if ucf(X,
−−−−−→
(e, x,W )) =
(e∗,x∗), x∗ = x∗ if e∗ = 1, x∗ = (x∗, . . . ) if e∗ > 1, Q
+ is a completion of
(Q, (dm, qm, Pm)), put
ucfQ
+
(B) = ucfQ
+
∗ (π(e∗, x∗)).
The ∗-signature of B is
sign∗(B) =
{
((d, y ↾ i))1≤i≤k−1 if y is of continuous type,
((d, y ↾ i))1≤i≤k if y is of discontinuous type.
B is of ∗-T -(dis-)continuous type iff π is T⊗Q-(dis-)continuous at ucf(X,
−−−−−→
(e, x,W )).
The ∗-T -uniform cofinality of B is
ucfT∗ (B),
defined as follows. If y is of continuous type,
1. ifB is of ∗-T -continuous type, then ucfT∗ (B) = (d, (y
−, Ytree(y
−),
−−−−−→
(e, x,W )));
2. ifB is of ∗-T -discontinuous type, then ucfT∗ (B) = (d, (y
−, X,
−−−−−→
(e, x,W ))).
If y is of discontinuous type,
1. if B is of ∗-T -continuous type, then ucfT∗ (B) = (d,y);
2. ifB is of ∗-T -discontinuous type, then ucfT∗ (B) = (d, (y,X
+,
−−−−−→
(e, x,W ))),
X+ is a completion of Y (y),X+(Ynode(y)) = T⊗Q(pred(π, T⊗Q, ucf(Y (y)))).
Suppose ( ~Q,
−−−−−→
(d, q, P )) = (Qi, (di, qi, Pi))m0≤i≤m is a partial level ≤ n1
tower and B = (b,y, π) ∈ desc(Y, T, (Qm,
−−−−−→
(d, q, P ))). Define lh(B) = lh(q).
Define
B ⊳ B′
iff B = B′ ↾m¯ for some m¯ < lh(B′). Define ⊳Y,T=⊳↾desc(Y, T, ∗).
Suppose y = (y,X,
−−−−−→
(e, x,W )), 0 < m¯ < m. Then
B↾ (Y, T,Qm¯) ∈ desc(Y, T, (Qm¯, (di, qi, Pi)m0≤i≤m¯))
is defined by the following: letting l be the least such that π(el, xl) /∈
desc(T,Qm¯, ∗), letting ucf(X(el, xl)) = (e∗,x∗), x∗ = x∗ if e∗ = 1, x∗ =
(x∗, . . . ) if e∗ > 1, and letting C ∈ desc(T,Qm¯, ∗) be such thatC = π(e∗, x∗)↾
(T,Qm¯), then
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1. if C 6= π(e∗, x∗), then B ↾ (Y, T,Qm¯) = (y ↾ l⌢(−1, X+), π¯), where π¯
and π agree on Ytree(y ↾ l), π¯(el, xl) = C, π¯ factors (X
+, T, Qm¯);
2. if C = π(e∗, x∗), then B↾ (Y, T,Qm¯) = (y ↾ l, π ↾Ytree(y ↾ l)).
Given a (Y, T, ∗)-description B = (b,y, π), define
〈B〉 = (b, π ⊕ y),
where ∅ ⊕ y = ∅ and if y = (y,X,
−−−−−→
(e, x,W )), lh(y) = k then
π ⊕ y =
{
(π(e0, x0), y(0), . . . , π(ek−1, xk−1), y(k − 1)) if b is even,
(y(0), π(e1, x1), y(1), . . . , π(ek−1, xk−1), y(k − 1)) if b is odd.
Define
B ≺ B′
iff 〈B〉 <BK 〈B′〉, the ordering on coordinates in desc(T,Q, ∗) for some T,Q
again according to ≺. Define ≺Y,T=≺↾desc(Y, T, ∗).
Define
n3 ⊗ n2 =
{
n3 if n2 is even,
n2 if n2 is odd.
Suppose R is a level ≤ n3 ⊗ n2 tree, Y is a level ≤ n3 tree and T is a level
≤ n2 tree. Suppose ρ : dom(R)∪{(n3⊗n2, ∅)} → desc(Y, T, ∗) is a function.
ρ factors (R, Y, T ) iff
1. ρ(n3 ⊗ n2, ∅) is the constant (Y, T, ∗)-description.
2. For any (d, r) ∈ dom(R), ρ(d, r) ∈ desc(Y, T, dR[r]).
3. For any r, r′ ∈ 1R, if r <BK r′ then ρ(1, r) ≺ ρ(1, r′).
4. For any d > 1, any r⌢(a), r⌢(b) ∈ dom(dR), if a <BK b and dRtree(r⌢(a)) =
dRtree(r
⌢(b)) then ρ(d, r⌢(a)) ≺ ρ(d, r⌢(b)).
5. For any d > 1, any r ∈ dom(dR)\{∅}, ρ(d, r−) = ρ(d, r)↾ (Y, T, dRtree(r−)).
ρ factors (R, Y, ∗) iff ρ factors (R, Y, T ′) where T ′ is some level ≤ n′2 tree,
n′2 ≤ n2. If n2 is even and Y is a level ≤ n3 tree, then
idY,∗
factors (Y, Y, ∗) where idY,∗(d, y) = (d, (y,X,
−−−−−→
(e, x,W )), id∗,X) for
dY [y] =
(X,
−−−−−→
(e, x,W )). If n3 = n2 and T is a level ≤ n2 tree, then
id∗,T
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factors (T,Q
(n2)
0 , T ), defined as follows: If n2 = 2 then id∗,T has been defined
in [10]. If n2 > 2 then id∗,T extends id∗,≤n2−2T and for d ∈ {n2 − 1, n2},
id∗,T (d, t) = (n2,q
d
t , τ
d
t ), where q
d
t = ((−1), P
d
t , (n2 − 1, ((0)))), τ
d
t factors
(P dt , T,
dT [t]), τdt (n2 − 1, ((0))) = (d, t, iddTtree(t),∗).
Suppose Y is a level ≤ n3 tree and T is a level ≤ n2 tree. A representation
of Y⊗T is a pair (R, ρ) such thatR is a level ≤ n3⊗n2 tree, ρ factors (R, Y, T ),
and ran(ρ) = desc(Y, T, ∗). Representations of Y ⊗ T are clearly mutually
isomorphic. We shall regard
Y ⊗ T
itself as a level ≤ n3⊗ n2 tree whose level-d component has domain {(y, π) :
(d, (y, π)) ∈ desc(Y, T, ∗)} and if d > 1 then Y ⊗ T [d, (y, π)] is the unique
(Q,
−−−−−→
(d, q, P )) for which (d, (y, π)) is a (Y, T, (Q,
−−−−−→
(d, q, P )))-description. Sup-
pose m1, n2, n3 are consecutive entries of the following list:
1, 2, 2, 2, 3, 4, 4, 4, 5, 6, 6, 6, 7, 8, 8, 8, 9 . . . (2)
Then
(n3 ⊗ n2)⊗m1 = n3 ⊗ (n2 ⊗m1) =DEF n3 ⊗ n2 ⊗m1.
If Q is a level ≤ m1 tree, then (Y ⊗T )⊗Q is regarded as a level ≤ n3⊗n2⊗m1
tree. There is a natural isomorphism
ιY,T,Q
between “level ≤ n3⊗ n2⊗m1 trees” (Y ⊗ T )⊗Q and Y ⊗ (T ⊗Q), defined
as follows: If n3 ≤ 2, ιY,T,Q has been defined in [9]. Suppose now n3 > 2.
Let m0, m1, n2, n3 be consecutive entries in the list (2). Then ιY,T,Q extends
ι≤n2Y,≤m1T,≤m0Q and
1. if (n3,y, π) ∈ desc(Y, T, (Z,
−−−−−→
(d, z, N))),A = (n3⊗n2, ((y, π), Z,
−−−−−→
(d, z, N)),
ψ) ∈ desc(Y ⊗ T,Q, U), then ιY,T,Q(A) = (n3,y, ι
−1
T,Q,U ◦ (T ⊗ ψ) ◦ π);
2. if (n3,y, π) ∈ desc(Y, T, (Z,
−−−−−→
(d, z, N))), A = (n3⊗n2, ((y, π)⌢(−1), Z+,
−−−−−→
(d, z, N)), ψ) ∈ desc(Y ⊗ T,Q, U),
−−−−−→
(d, z, N) = (di, zi, Ni)l0≤i≤l, y =
(y,X, (ei, xi,Wi)k0≤i≤k), then
(a) if y is of discontinuous type, then ιY,T,Q(A) = (n3,y
⌢(−1, X+), ψ∗0
π), where X+ is a completion of n3Y (y), ψ ∗0 π factors (X+, T ⊗
Q,U), ψ∗0π extends ι
−1
T,Q,U◦(T⊗ψ)◦π, ψ∗0π(ek, xk) = ι
−1
T,Q,U(n2, t0, τ),
t0 = ((−1), S0, (b0, s0)), τ factors (S0, Q, U), τ(b0, s0) = ψ(dl, zl);
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(b) if y is of continuous type, then ιY,T,Q(A) = (n3,y, ψ ∗1 π), where
ψ ∗1 π factors (X, T ⊗Q,U), ψ ∗1 π extends ι
−1
T,Q,U ◦ (T ⊗ ψ) ◦ π ↾
(dom(X) \ {(ek, xk)}), ψ ∗1 π(ek, xk) = ι
−1
T,Q,U(c, t
⌢(−1, S+), τ+),
where π(ek, xk) = (c, t, τ), t = (t, S, (bi, si, pi)a0≤i≤m), τ
+ factors
(S+, Q, U), τ+ extends τ , τ+(bm, sm) = ψ(dl, zl).
Inductively, we can show that ιY,T,Q is a level ≤ n3⊗n2⊗m1 tree isomorphism
between (Y ⊗T )⊗Q and Y ⊗ (T ⊗Q). The base case (n3, n2, m1) = (2, 2, 1)
is in [9], whose idea is easily modified to the general case. ιY,T,Q justifies the
associativity of the ⊗ operator acting on level (≤ n3,≤ n2,≤ m1) trees.
The identity map idY⊗T factors (Y ⊗ T, Y, T ). ρ factors (R, Y, T ) iff ρ
factors (R, Y ⊗ T ). If (d, y) ∈ dom(Y ), y = (y,X,
−−−−−→
(e, x,W )) ∈ desc(dY ),
Y ⊗(d,y) T
is the level ≤ n3 subtree of Y ⊗ T whose domain is dom(Y ⊗ Q0) plus all
the (Y, T, ∗)-descriptions of the form (d,y, τ). If π factors level ≤ n2 trees
(T,Q), then
Y ⊗ π
factors (Y ⊗ T, Y ⊗ Q), where Y ⊗ π(y, ψ) = (y, (π ⊗ U) ◦ ψ) for (y, ψ) ∈
desc(Y, T, U). If ρ factors level ≤ n3 trees (R, Y ), then
R⊗ Y
factors (R⊗ T, Y ⊗ T ), where ρ⊗ T (d, r, ψ) = (d, dρ(r), ψ).
Suppose T is a proper level ≤ n2 subtree of T ′, both trees are finite,
(Qi, (di, qi, Pi))l0≤i≤l′ is a partial level≤ n1 tower, l ≤ l
′, B ∈ desc(Y, T, (Ql, (di, qi, Pi)l0≤i≤l))
and B′ ∈ desc(Y, T ′, (Q′l, (di, qi, Pi)l0≤i≤l′)) \ desc(Y, T, (Ql, (di, qi, Pi)l0≤i≤l)).
Define
B = B′ ↾ (Y, T )
iff B′ ≺ B and
⋃
l≤m≤l′{B
∗ ∈ desc(Y, T, (Qi, (di, qi, Pi))i≤m) : B′ ≺ B∗ ≺
B} = ∅. Inductively, we can show thatB = B′ ↾ (Y, T ) iff bothB,B′ are of de-
gree n3 and lettingB = (n3, (y,X,
−−−−−→
(e, x,W )), π), B′ = (n3, (y
′, X ′,
−−−−−−−→
(e′, x′,W ′)), π′),
lh(y) = k,
−−−−−→
(e, x,W ) = (ei, xi,Wi)i, ucf(X,
−−−−−→
(e, x,W )) = (e∗,x∗), e∗ = 1 →
x∗ = x∗, e∗ > 1→ x∗ = (x∗, . . . ), then either
1. y is of continuous type, y ↾ k − 1 = y′ ↾ k − 1, π ↾ n3Ytree(y−) ⊆ π′,
π(bk−1, pk−1) = π
′(bk−1, pk−1)↾ (T,Ql), or
2. y is of discontinuous type, B ⊳ B′, π(e∗, x∗) = π(bk, pk)↾ (T,Ql).
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Suppose Y is a proper level ≤ n3 subtree of Y ′, both finite. Suppose T is
a level ≤ n2 tree. For B ∈ desc(Y, T, ∗), B′ ∈ desc(Y ′, T, ∗), define
B = B′ ↾ (Y, T )
iff B′ ≺ B and {B∗ ∈ desc(Y, T, ∗) : B′ ≺ B∗ ≺ B} = ∅. Putting
B = (d,y, π), B′ = (d′,y′, π′), y = (y,X,
−−−−−→
(e, x,W )), y′ = (y′, X ′,
−−−−−−−→
(e′, x′,W ′)),
lh(y) = k,
−−−−−→
(e, x,W ) = (ei, xi,Wi)k0≤i≤k,
−−−−−−−→
(e′, x′,W ′) = (e′i, x
′
i,W
′
i )k′0≤i≤k′,
ucf(X,
−−−−−→
(e, x,W )) = (e∗,x∗), e∗ = 1 → x∗ = x∗, e∗ > 1 → x∗ = (x∗, . . . ),
inductively, we can show that B = B′ ↾ (Y, T ) iff one of the following holds:
1. d, d′ ≤ n∗ < n3, n∗ is even, B = B
′ ↾ (≤n∗Y, ≤n∗T ).
2. n3 − 1 ≤ d = d′ = n3, B ∈ desc(Y, T,Q) is of continuous type, y ↾
k − 1 = y′ ↾ k − 1, π ↾ dYtree(y−) ⊆ π′, dY {y′ ↾ k,+, X ′k} = {y
−}, either
ek−1 = 0 or π
′(ek−1, xk−1) = π(ek−1, xk−1)↾ (T,Q).
3. n3 − 1 ≤ d = d′ = n3, B ∈ desc(Y, T,Q) is of discontinuous type,
y = y′ ↾k, π ⊆ π′, dY {y′ ↾k + 1,+, X ′k+1} = {y}, π
′(ek, xk) = π(e∗, x∗)↾
(T,Q).
4. d′ = n3−1, d = n3, n3 is even, ∅ = y(0)↾ dY {∅}, (π, T⊗Q) is continuous
at (e0, x0).
If n3 is odd, R, Y are level-n3 trees, T is a level ≤ n2 tree, then ρ factors
(R, Y, T ) iff ρ extends to some ρ′ which factors (Q
(n2)
0 ⊕ R,Q
(n2)
0 ⊕ Y, T ).
3 The induction hypotheses
From now on until the end of this paper, we assume ∆12n-determinacy, where
n < ω. This section lists the inductive definitions and hypotheses for any
0 ≤ m < n. The base of the induction is in [10]. Define E(0) = 1, E(k+1) =
ωE(i) in ordinal exponentiation. Define u
(1)
i = ui for i ≤ ω.
ν2m+1 denotes the L[T2m+1]-club filter on δ
1
2m+1, i.e., A ∈ ν2m+1 iff A ∈
L[T2m+1] and there is a club C ⊆ δ
1
2m+1 such that C ∈ L[T2m+1] and C ⊆ A.
Assume by induction that:
(1:m) If m > 0 and A ⊆ u(2m−1)
E(2m−1), then A ∈ Lδ12m+1 [T2m] iff A ∈ L[T2m+1].
(1:m) ensures that the Lδ12m+1 [T2m]-measures induced by level ≤ 2n trees
are indeed L[T2m+1]-measures. Assume we have defined by induction the
level-(2m + 1) sharp operator x 7→ x(2m+1)# for x ∈ R with the following
property:
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(2:m) x(2m+1)# is many-one equivalent to M#2m(x), the many-one reductions
being independent of x.
Define
A ∈ µP
iff A ⊆ [(δ12i+1)i≤m]
P↑, A ∈ L[T2m+1] and there is ~C = (Ci)i≤m ∈
∏
i≤m ν2i+1
such that [ ~C]P↑ ⊆ A. If W is a finite level-(2m + 1) tree, let A ∈ µW iff
[(δ12i+1)i<m]
Q
(2m)
0 ↑ ⊕2m+1 A ∈ µ
Q
(2m)
0 ⊕W .
We assume by induction that:
(3:m) Suppose P is a finite level ≤ 2m+ 1 tree. Then
(a) µP and µ
2m+1P are both L[T2m+1]-measures.
(b) If m > 0, then µP is the product L[T2m+1]-measure of µ
≤2mP and
µ
2m+1P , i.e., A ∈ µP iff there exist B ∈ µ
≤2mP and C ∈ µ
2m+1P
such that B ⊕2m+1 C ⊆ A, where B ⊕2m+1 C = {~α⊕2m+1 ~β : ~α ∈
B, ~β ∈ C}, ~α ⊕2m+1 ~β = ~γ where dγp = dαp for (d, p) ∈ dom(P ),
2m+1γp = βp for (2m+ 1, p) ∈ dom(P ).
(c) The set of L[jP (T2m+1)]-cardinals in the interval [δ
1
2m+1, j
P (δ12m+1)]
is the closure of {seedP(2m+1,A) : A ∈ desc
∗∗(2m+1P )}.
If P is a finite level ≤ 2m+ 1 tree or level-(2m+ 1) tree, Let
jP = jµ
P
L[T2m+1]
: L[T2m+1]→ L[j
P (T2m+1)]
be the induced restricted ultrapower map. For any real x, jP is elemen-
tary from L[T2m+1, x] to L[j
P (T2m+1), x]. If P is a subtree of P
′, both fi-
nite, then jP,P
′
is the factor map from L[jP (T2m+1)] to L[j
P ′(T2m+1)]. If σ
factors finite level ≤ 2m + 1 trees (P,W ), then σW is the induced factor
map from L[jP (T2m+1)] to L[j
W (T2m+1)], i.e., σ
W ([h]µP ) = [h
∗]µW , where
h∗(~α) = h(~ασ). By (3:m)(18:m − 1), jP ↾ δ
1
2m+1 = j
≤2mP ↾ δ12m+1, and simi-
larly for jP,P
′
, σW . Define jPsup(α) = sup(j
P )′′α, and similarly for jP,P
′
sup , σ
W
sup.
Assume by induction that:
(4:m) Suppose (Pi)i<ω is a level-(2m + 1) tower and Pω = ∪i<ωPi. Then Pω
is Π12n+1-wellfounded iff the direct limit of (j
Pi,Pi′ )i≤i<ω is wellfounded.
Suppose A ∈ desc∗∗(2m+1P ). Then
seedP(2m+1,A)
is represented modulo µP by the function ~α 7→ 2m+1αA. Similarly define
seedP(d,p) for (d,p) ∈ desc
∗(P ) and seedP(d,p) for (d, p) ∈ dom(P ).
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If P is an infinite Π12m+1-wellfounded level ≤ 2m+1 tree, j
P is the direct
limit map and seedP(2m+1,A), seed
P
(2m+1,r), seed
P
(2m+1,r) are the images under
appropriate tails of the direct limit map.
Suppose m > 0, W is a finite level ≤ 2m+1 tree, Z is a finite level ≤ 2m
tree and B ∈ desc(W,Z, ∗). Then
seedW,ZB
is the element represented modulo µW by idW,ZB .
Suppose P is another level ≤ 2m+ 1 tree and σ factors (P,W,Z). Let
seedW,Zσ = [id
W,Z
σ ]µW .
So seedW,Zσ = (seed
W,Z
σ(d,w))(d,w)∈dom(W ). If W,Z are (possibly infinite) Π
1
2m+1-
wellfounded trees, seedW,ZB and seed
W,Z
σ make sense as the images under ap-
propriate tails of direct limit maps.
We assume by induction that:
(5:m) Suppose P,W are finite level ≤ 2m+1 trees, Z is a finite level ≤ 2m tree
and σ factors (P,W,Z). Then for any A ∈ µP , seedW,Zσ ∈ j
W ◦ jZ(A).
We can then define
σW,Z : L[jP (T2m+1)]→ L[j
W ◦ jZ(T2m+1)]
by sending jP (f)(seedP ) to jW ◦ jZ(f)(seedW,Zσ ).
We assume by induction that:
(6:m) Suppose W is a finite level ≤ 2m+ 1 tree and Z is a finite level ≤ 2m
tree. Then (idW⊗Z)
W,Z is the identity on jW ◦ jZ(δ12m+1) + 1.
(7:m) Suppose P is a finite level ≤ 2m+1 tree. Then the set of L[jP (T2m+1)]-
regular cardinals in the interval [δ12m+1, j
P (δ12m+1)] is {seed
P
r : r ∈
desc∗(P ) is regular}.
By (1:k) for k ≤ m and (15:k)(16:k)(18:k)(27:k) for k < m, if P is a
finite level ≤ 2m+1 tree, then the set of uncountable L[jP (T2m+1)]-cardinals
below jP (δ12m+1) is the closure of
{u(2k+1)ξ : k < m, 0 < ξ ≤ E(2k + 1)} ∪ {seed
P
(2m+1,A) : A ∈ desc
∗∗(≤2m+1P )},
and the set of uncountable L[jP (T2m+1)]-regular cardinals is
{seedP(d,p) : (d,p) ∈ desc
∗(P ) is regular}.
The level-(2m + 1) uniform indiscernibles are defined:
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1. u
(2m+1)
ξ+1 = j
P (δ12m+1) when ξ < E(2m + 1), P is a Π
1
2m+1-wellfounded
level ≤ 2m+ 1 tree and J∅K2m+1R = ξ̂.
2. If 0 < ξ ≤ E(2m+ 1) is a limit, then u(2m+1)ξ = supη<ξ u
(2m+1)
η .
A level-1 sharp code is a usual sharp code for an ordinal below uω. If
m > 0, a level-(2m + 1) sharp code is a pair 〈pτq, x(2m+1)#〉 where τ is an
Lx,R
(2m+1)
E(2m+1)-Skolem term for an ordinal without free variables. For 0 < ξ ≤
E(2m+ 1), WO
(2m+1)
ξ is the set of level-(2m+ 1) sharp codes 〈pτq, x
(2m+1)#〉
such that τ is an Lx,R
(2m+1)
ξ -Skolem term. The ordinal coded by 〈pτq, x(2m+1)#〉
is ∣∣〈pτq, x(2m+1)#〉∣∣ = τ (jR(2m+1)E(2m+1) (M−2m,∞(x));seedR(2m+1)E(2m+1) ).
Assume by induction that:
(8:m) WO
(2m+1)
ξ is Π
1
2m+2 for 0 < ξ ≤ E(2m + 1), uniformly in ξ. The
following relations are all ∆12m+1:
(a) v, w ∈WO(2m+1)
E(2m+1) ∧ |v| = |w|.
(b) v, w ∈WO(2m+1)
E(2m+1) ∧ |v| < |w|.
(c) k < m ∧ v ∈WO(2m+1)
E(2m+1) ∧ w ∈WO
(2k+1)
E(2k+1) ∧ |v| = |w|.
If Γ is a pointclass, say that A ⊆ u(2m+1)
E(2m+1) × R is in Γ iff {(v, x) : v ∈
WO
(2m+1)
E(2m+1) ∧ (|v| , x) ∈ A} is in Γ. Γ acting on subsets of product spaces is
defined in the obvious way. Assume that we have constructed by induction
the level-(2m + 2) Martin-Solovay tree T2m+2 on 2 × u
(2m+1)
E(2m+1). The con-
struction should ensure that T2m+2 is ∆
1
2m+3 in the codes and projects to
{x(2m+1)# : x ∈ R}. Let κx2m+3 be the least (T2m+2, x)-admissible ordinal.
κ2m+3 = κ
0
2m+3.
Suppose W is a finite level ≤ 2m+1 tree,
−−−→
(d, w) = (di, wi)i<k is a distinct
enumeration of a subset of dom(W ). Suppose f : [(δ12i+1)i≤m]
W↑ → δ12m+1
is a function which lies in L[T2m+1]. The signature of f is
−−−→
(d, w) iff there is
~C = (Ci)i≤m such that Ci ∈ ν2i+1 for any i and
1. for any ~α, ~β ∈ [ ~C]W↑, if (d0αw0, . . . ,
dk−1αwk−1) <BK (
d0βw0, . . . ,
dk−1βwk−1)
then f(~α) < f(~β);
2. for any ~α, ~β ∈ [ ~C ]W↑, if (d0αw0, . . . ,
dk−1αwk−1) = (
d0βw0, . . . ,
dk−1βwk−1)
then f(~α) = f(~β).
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Suppose the signature of f is
−−−→
(d, w) = (di, wi)i<k and k > 0, d0 =
2m + 1. f is essentially continuous iff for µW -a.e. ~α, f(~α) = sup{f(~β) :
(d0βw0, . . . ,
dk−1βwk−1) < (
d0αw0 , . . . ,
dk−1αwk−1)}. Otherwise, f is essentially
discontinuous. Put [ ~B]W↑(0,−1) = [ ~B]W↑ × ω. For (d∗,w∗) ∈ desc∗(W ) reg-
ular, put [ ~B]W↑(d
∗,w∗) = {(~β, γ) : ~β ∈ [ ~B]W↑, γ < d
∗
βw∗}. Say that the uni-
form cofinality of f is (d∗,w∗) iff there is g : [(δ12i+1)i≤m]
W↑(d∗,w∗) → δ12m+1
such that g ∈ L[T2m+1] and for µW -a.e. ~α, f(~α) = sup{g(~α, β) : (~α, β) ∈
[(δ12i+1)i≤m]
W↑v} and the function β 7→ g(~α, β) is order preserving. Let
(Pi, (di, pi, Ri))i<k
⌢(Pk) be the partial level ≤ 2m + 1 tower of continuous
type and let σ factor (Pk,W ) such that σ(di, pi) = (di, wi) for each i < k.
Note that (di, wi) ≺W (d0, w0) for 0 < i < k, so each Pi is indeed a regular
level ≤ 2m+ 1 tree. ~P = (Pi)i≤m is called the level ≤ 2m+ 1 tower induced
by f , and σ is called the factoring map induced by f . Note that σ ↾Pi factors
(Pi,W ) for each i. The potential partial level ≤ 2m+ 1 tower induced by f
is
1. (Pk, (di, pi, Ri)i<k), if f is essentially continuous;
2. (Pk, (di, pi, Ri)i<k
⌢(0,−1, ∅)), if f is essentially discontinuous and has
uniform cofinality (0,−1);
3. (Pk, (di, pi, Ri)i<k
⌢(d+, x+, R+)), if f is essentially discontinuous and
has uniform cofinality (d∗,w∗), d∗ > 0, (Pk, (d
+, x+, R+)) is a partial
level ≤ 2m+ 1 tree with uniform cofinality (d∗,p∗), d∗σ(p∗) = w∗.
The approximation sequence of f is (fi)i≤k where dom(fi) = [(δ
1
2i+1)i≤m]
Pi↑,
f0 is the constant function with value δ
1
2m+1, fi(~α) = sup{f(~β) : ~β ∈
[ω1]
W↑, (d0βw0, . . . ,
di−1βwi−1) = (
d0αp0, . . . ,
di−1αpi−1)} for 1 ≤ i ≤ k. In partic-
ular, fk(~βσ) = f(~β) for µ
W -a.e. ~β.
Suppose δ12m+1 ≤ β = [f ]µW < j
W (δ12m+1). Suppose the signature of f
is (di, wi)i<k, the approximation sequence of f is (fi)i≤k, the level ≤ 2m+ 1
tower induced by f is (Pi)i≤k, the factoring map induced by f is σ. Then
the W -signature of β is (di, wi)i<k, the W -approximation sequence of β is
([fi]µPi )i≤k, β is W -essentially continuous iff f is essentially continuous. The
W -uniform cofinality of β is ω if f has uniform cofinality (0,−1), seedW(d∗,w∗)
if f has uniform cofinality (d∗,w∗). The W -(potential) partial level ≤ 2m+1
tower and W -factoring map induced by β are the (potential) partial level
≤ 2m + 1 tower and factoring map induced by f respectively. Assume by
induction that:
(9:m) The W -partial level ≤ 2m+1 tower induced by β and the W approxi-
mation sequence of β are uniformly ∆12m+3 definable from (W,β).
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Suppose Q is a level-(2m + 2) tree. The ordinal representation of Q is
the set
rep(Q) ={~β ⊕Q q : q ∈ dom(Q), ~β respects Qtree(q)}
∪ {~β ⊕Q q
⌢(−1) : q ∈ dom(Q), ~β respects Q(q)}.
Here for q ∈ dom∗(Q) of length k, ~β⊕Qq = (βQnode(q↾0), q(0), . . . , βQnode(q), q(k−
1)). rep(Q) is endowed with the <BK ordering
<Q=<BK↾ rep(Q).
Assume by induction that:
(10:m) Suppose Q is a level-(2m + 2) tree. Then Q is Π12m+2-wellfounded iff
<Q is a wellordering.
Suppose B ∈ L[T2m+1]. Define
f ∈ BQ↑
iff f ∈ L[T2m+1] is an order preserving function from rep(Q) to B. If f ∈
[δ12m+1]
Q↑, then for any q ∈ dom(Q), fq is a function on (δ
1
2m+1)
Qtree(q)↑ that
sends ~α to f(~α⊕Q q), and f represents a tuple of ordinals
[f ]Q = ([f ]Qq )q∈dom(P )
where [f ]Qq = [fq]µQtree(q) for q ∈ dom(Q). Let
[B]Q↑ = {[f ]Q : f ∈ BQ↑}.
A tuple of ordinals ~β = (βq)q∈dom(Q) respects Q iff ~β ∈ [δ
1
2m+1]
Q↑. ~β weakly
respects Q iff β∅ = δ
1
2m+1 and for any p, p
′ ∈ dom(Q), if p is a proper initial
segment of p′, then jQtree(p),Qtree(p
′)(βq) > βq′.
Suppose now Q is a finite level ≤ 2m + 2 tree. Then rep(Q) = ∪d{d} ×
rep(dQ). Suppose ~B = (Bi)i≤m+1 ∈ Lδ12m+1 [T2m+2]. Define f ∈
~BQ↑ iff
Lδ12m+3 [T2m+2] is an order preserving function from rep(Q) to ∪iBi such
that for any i, ran(if) ⊆ Bi. Define [ ~B]
Q↑ = {[f ]Q : f ∈ ~BQ↑}. ~β =
(dβq)q∈dom(Q) respects Q iff ~β ∈ [(δ
1
2i+1)i≤m]
Q↑. If f ∈ ((δ12i+1)i≤m)
Q↑ and q =
(d, (q, P, . . . )) ∈ desc∗(Q), d > 1, then dfq is the function on [(δ
1
2i+1)i≤m]
P↑
defined as follows: dfq =
dfq if (d,q) ∈ desc(Q); dfq(~α) = dfq(~α ↾ dQtree(q)) if
(d,q) /∈ desc(Q). If ~β = (β(d,q))(d,q)∈dom(Q) = (
dβq)(d,q)∈dom(Q) ∈ [(δ
1
2i+1)i≤m]
Q↑,
we define β(d,q) =
dβq for (d,q) ∈ desc
∗(Q): if d > 1, q = (q, P, . . . ), put
dβq = [
dfq]µP where ~β = [f ]
Q. Clearly, dβq =
dβq if (d,q) ∈ desc(Q) of discon-
tinuous type, dβq = j
dQtree(q),P (dβq) if (d,q) /∈ desc(Q). The next induction
hypothesis computes the remaining case when q ∈ desc(Q) is of continuous
type, justifying that dβq does not depend on the choice of f .
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(11:m) Suppose Q is a level ≤ 2m + 2 tree. Suppose ~β = (dβq)(d,q)∈dom(Q) ∈
[(δ12i+1)i≤m]
Q↑, (d,q) = (d, (q, P, . . . )) ∈ desc(Q) is of continuous type,
P− = Qtree(q
−), then dβq = j
P−,P
sup (
dβq−).
Suppose by induction that:
(12:m) Suppose that Q is a finite level ≤ 2m+2 tree and ~β = (dβq)(d,q)∈dom(Q) is
a tuple of ordinals in u
(2m+1)
E(2m+1). Then
~β respects Q iff all of the following
holds:
(a) ≤2m+1~β respects ≤2m+1Q, where ≤2m+1~β = ~β ↾dom(≤2m+1Q).
(b) For any q ∈ dom(2m+2Q), the 2m+2Qtree(q)-potential partial level ≤
1 tower induced by βq is
2m+2Q[q], and the 2m+2Qtree(q)-approximation
sequence of 2m+2βq is (
2m+2βq↾l)l≤lh(q).
(c) If 2m+2Qtree(q
⌢(a)) = 2m+2Qtree(q
⌢(b)) and a <BK b then
2m+2βq⌢(a) <
2m+2βq⌢(b).
Moreover, if ~C = (Ci)i≤m ∈
∏
i≤m ν2i+1 is a sequence of clubs, then
~β ∈ [ ~C]Q↑ iff ~β respects Q, ≤2m+1β ∈ [ ~C]
≤2m+1Q↑, and letting C ′ be
the set of limit points of C, then 2m+2βq ∈ j
2m+2Qtree(q)(C ′) for each
q ∈ dom(2m+2Q).
We assume by induction the level-(2m + 2) Becker-Kechris-Martin theo-
rem:
(13:m) For each A ⊆ u(2m+1)
E(2m+1) × R, the following are equivalent.
(a) A is Π12m+3.
(b) There is a Σ1 formula ϕ such that (α, x) ∈ A iff Lκx2m+3 [T2m+2, x] |=
ϕ(T2m+2, α, x).
If β < u
(2m+1)
E(2m+1), A ⊆ R is β-Π
1
2m+3(x) iff there is a Π
1
2m+3(x) set B ⊆
u
(2m+1)
E(2m+1) × R such that A = Diff B. β-Π
1
2m+1(x) acting on product spaces
of ω and R is defined in the obvious way. Lightface β-Π12m+1 and boldface
β-Π12m+1 have the obvious meanings.
Define
OT2m+2,x = {(pϕq, α) : ϕ is a Σ1-formula, α < u
(2m+1)
E(2m+1),
Lκx2m+3 [T2m+2, x] |= ϕ(T2m+2, x, α)},
x
(2m+2)#
ξ = {(pϕq, pψq) : ∃α < u
(2m+1)
ξ ((pϕq, α) /∈ O
T2m+2,x∧
∀η < α(pψq, η) ∈ OT2m+2,x)},
x(2m+2)# = {(k, pϕq, pψq) : k < ω ∧ (pϕq, pψq) ∈ x(2m+2)#
F (2m+1,k)},
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where F (1, k) = k, F (l + 1, k) = ωF (l,k) in ordinal arithmetic.
Assume by induction that:
(14:m) x(2m+2)# is many-one equivalent toM#2m+1(x), the many-one reductions
being independent of x.
(15:m) If A ⊆ δ12m+1, then A ∈ L[T2m+1] iff A ∈ Lδ12m+3 [T2m+2].
(15:m) ensures that the L[T2m+1]-measures on δ
1
2m+1 induced by level ≤
2m+ 1 trees are indeed Lδ12m+3 [T2m+2]-measures.
(13:m) enables the generalization of Silver’s dichotomy on Π12m+3(x) equiv-
alence relations: If E is a thin ∆12m+3(x) equivalence relation on R, then E is
∆12m+3(x)-reducible to =u(2m+1)
E(2m+1)
, where α =
u
(2m+1)
E(2m+1)
β iff α = β < u
(2m+1)
E(2m+1).
As a corollary, if ≤∗ is a ∆12m+3(x) prewellordering on R and A is a Σ
1
2m+3(x)
subset of R, then |≤∗| and {‖y‖≤∗ : y ∈ A} are both ∆1-definable over
Lκx2m+3 [T2m+2,M
#
2m+1(x)] from parameters in {T2m+2,M
#
2m+1(x)}. This proves
an effective version of the Harrington-Kechris theorem (cf. [2, 8G.21]):
If≤ and≤′ are two ∆12m+3 prewellorderings of R, then the relation
‖x‖≤ = ‖y‖≤′ is ∆12m+4 and is absolute in M whenever M is a
Σ12m+3-correct transitive model of ZFC and R
M is closed under
the M#2m+1-operator.
Consequently, if Γ is a pointclass containing ∆12m+4 and is closed under re-
cursive preimages, then Γ acting on spaces of the form (δ12m+3)
k × Rl is
independent of the choice of the Π12m+3-coding of ordinals in δ
1
2m+3. That
is, if ϕ is a regular Π12m+3-norm on a good universal Π
1
2m+3 set, then for any
A ⊆ δ12m+3 × R, {(v, x) : (ϕ(v), x) ∈ A} is in Γ iff {(v, x) : (|v| , x)} is in Γ.
δ
1
2m+1 is said to have the level-(2m + 2) strong partition property iff for
every finite level ≤ 2m+ 2 tree Q, for every A ∈ Lδ12m+3 [T2m+2], there is are
clubs Ci ∈ ν2i+1 for i ≤ m such that either [(Ci)i≤m]
Q↑ ⊆ A or [(Ci)i≤m]
Q↑ ∩
A = ∅. We assume by induction that:
(16:m) δ12m+1 has the level-(2m+ 2) strong partition property.
(17:m) Suppose (Qk)1≤k<ω is an infinite level-(2m+2) tower andQω = ∪k<ωQk.
Then Qω is Π
1
2m+2-wellfounded iff the direct limit of (j
Qk,Qk′ )k≤k′<ω is
wellfounded.
If Q is a finite level ≤ 2m+ 2 tree, define
A ∈ µQ
24
iff A ⊆ [(δ12i+1)i≤m]
Q↑, A ∈ Lδ12m+3 [T2m+2] and there is
~C = (Ci)i≤m such that
~C ∈
∏
i≤m ν2i+1 and [
~C]Q↑ ⊆ A. By (16:m), µQ is an Lδ12m+3 [T2m+2]-measure
and µQ is product measure of its level ≤ 2m component, its level-(2m + 1)
component and its level-(2m+ 2) component. Let
jQ : Lδ12m+3 [T2m+2]→ Lsup(jQ)′′δ12m+3 [j
Q(T2m+2)]
be the associated Lδ12m+3 [T2m+2]-ultrapower map. Assume by induction that:
(18:m) Suppose Q is a finite level ≤ 2m+2 tree. Then jQ(α) < δ12m+3 for any
α < δ12m+3. j
Q(T2m+2) ∈ Lδ12m+3 [T2m+2].
So sup(jQ)′′δ12m+3 = δ
1
2m+3. If Q is a subtree of Q, j
Q,Q′ is the induced
factor map. If π factors (Q, T ), πT is the induced factor map. By (15:m),
jQ ↾δ12m+1 = j
≤2mQ ↾δ12m+1, and similarly for j
Q,Q′ and πT . Define jQsup, j
Q,Q′
sup ,
πTsup as usual. As advertised in the end of [10], we need to prove that every
Lδ12m+3 [T2m+2] is equivalent to µ
Q for some finite level ≤ 2m+ 2 tree Q and
from this, establish a ∆12m+3 coding of subsets of u
(2m+1)
E(2m+1) in Lδ12m+3 [T2m+2].
We assume by induction that
(19:m) Suppose P is a finite level-(2m + 1) tree and µ is a nonprincipal
Lδ12m+3 [T2m+2]-measure on j
P (δ12m+1). Then there are functions g, h ∈
L[jP (T2m+1)], a finite level ≤ 2m+2 treeQ, nodes (d1, q1), . . . , (dk, qk) ∈
dom(Q), such that h : jP (δ12m+1) → (j
P (δ12m+1))
k, g : (jP (δ12m+1))
k →
jP (δ12m+1), h is 1-1 a.e. (ν), g is 1-1 a.e. (µ
Q
−−→
(d,q)
), g = h−1 a.e. (ν), and
A ∈ µQ−−→
(d,q)
iff (h−1)′′A ∈ ν.
(20:m) There is a ∆12m+3 set X ⊆ R × u
(2m+1)
E(2m+1) such that every subset of
u
(2m+1)
E(2m+1) in Lδ12m+3 [T2m+2] is equal to some Xv =DEF {a : (v, a) ∈ X}.
Renaming the second coordinate in (20:m), we fix a ∆12m+3 set
X(2m+3) ⊆ R× (Vω ∪ u
(2m+1)
E(2m+1))
<ω
such that every subset of (Vω ∪ u
(2m+1)
E(2m+1))
<ω in Lδ12m+3 [T2m+2] is equal to
some X
(2m+3)
v =DEF {a : (v, a) ∈ X(2m+3)}. Let v ∈ LO
(2m+3) iff X
(2m+3)
v
is a linear ordering of u
(2m+1)
E(2m+1), v ∈ WO
(2m+3) iff Xv is a wellordering of
u
(2m+2)
E(2m+1). LO
(2m+3) is ∆12m+3, WO
(2m+3) is Π12m+3. For v ∈ WO
(2m+3),
put |v| = o.t.(Xv). Pointclasses are allowed to act on spaces of the form
(δ12m+3)
k × Rl via this coding.
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Suppose Q is a level ≤ 2m + 2 tree and W is a level ≤ 2m + 1 tree.
If m = 0, the notations related to (Q,W, ∗)-descriptions have been defined
in [9]. Suppose m > 0. Suppose D = (d,q, σ) ∈ desc(Q,W, ∗). For g ∈
((δ12i+1)i≤m)
Q↑, let
gWD
be the function on [(δ12i+1)i≤m]
W↑ as follows:
1. If d ≤ 2m+ 1, then gWD (~α) = (
≤2m+1g)
≤2mW
D (~α).
2. If d = 2m + 2 and D ∈ desc(Q,W,Z), then gWD (~α) = j
Z(2m+2gq) ◦
idW,Zσ (~α), or equivalently, g
W
D ([f ]
W ) = [2m+2gq ◦ fZσ ]µZ . Here id
W,Z
σ and
fZσ have already been defined by induction and id
W,Z
σ ([f ]
W ) = [fZσ ]µZ .
In particular, if D is the constant (Q, ∗)-description, then gWD is the constant
function with value δ12m+1. Suppose additionally that Q is finite. Let
idQ,WD
be the function [g]Q 7→ [gWD ]µW , or equivalently, ~β 7→ id
≤2m+1Q,≤2mW
D (
≤2m+1~β)
if d ≤ 2m+ 1, ~β 7→ σW,Z(dβq) otherwise.
seedQ,WD
is the element represented modulo µQ by idQ,WD . In particular, if d = 1 then
seedQ,WD = seed
Q
(1,q); if d > 1, q = (q,W, idW ), then seed
Q,W
D = seed
Q
(d,q). We
assume by induction that:
(21:m) Suppose Q is a finite level ≤ 2m+ 2 tree, W is a finite level ≤ 2m+ 1
tree, Z is a finite level ≤ 2m tree, and suppose D,D′ ∈ desc(Q,W,Z),
D ≺Q,W D′, D = (d,q, σ), D′ = (d′,q′, σ′). Then for any g ∈
((δ12i+1)i≤m)
Q↑, for any f ∈ ((δ12i+1)i≤m)
W↑, for any ~η ∈ [((δ12i+1)i<m)]
Z↑,
dgq ◦ f
Z
σ (~η) <
d′gq′ ◦ f
Z
σ′(~η).
(22:m) Suppose Q is a finite level ≤ 2m+2 tree,W,W ′ are finite level ≤ 2m+1
trees, W is a proper subtree of W ′, D = (d,q, σ) ∈ desc(Q,W,Z),
D′ = (d′,q′, σ′) ∈ desc(Q′,W ′, Z ′), D = D′ ↾ (Q,W ). Suppose ~E =
(Ei)i≤m ∈
∏
i≤m ν2i+1, each Ei is a club, η ∈ E
′
i iff Ei∩η has order type
η, ~E ′ = (Ei)i≤m. Then for any g ∈ ((δ
1
2i+1)i≤m)
Q↑, for any ~α ∈ [ ~E ′]W↑,
jZ,Z
′
◦ gWD (~α) = sup{g
W ′
D′ (
~β) : ~β ∈ [E]W
′↑, ~β extends ~α}.
26
(23:m) Suppose Q,Q′ are finite level ≤ 2m + 2 trees, Q is a proper subtree
of Q′, W is a finite level ≤ 2m + 1 tree and D ∈ desc(Q,W, ∗), D′ ∈
desc(Q′,W, ∗), D = D′ ↾ (Q,W ). Suppose ~E = (Ei)i≤m ∈
∏
i≤m ν2i+1,
each Ei is a club, η ∈ E ′i iff Ei ∩ η has order type η, ~E
′ = (Ei)i≤m.
Then for any ~β ∈ [ ~E ′]Q↑,
idQ,WD (
~β) = sup{idQ
′,W
D′ (~γ) : ~γ ∈ [
~E]Q
′↑, ~γ extends ~β}.
Suppose S is a level ≤ 2m + 1 tree and τ factors (S,Q, ∗). For g ∈
(δ12m+1)
Q↑, let
gWτ
be the function sending ~α to (gWτ(d,s)(~α))(d,s)∈dom(S). If W is finite, let
idQ,Wτ
is the map sending [g]Q to [gWτ ]µW . So id
Q,W
τ (
~β) = (idQ,W
τ(d,s)(
~β))(d,s)∈dom(S). If
Q,W are both finite, put
seedQ,Wτ = [id
Q,W
τ ]µQ .
We assume by induction that:
(24:m) Suppose Q is a finite level ≤ 2m+2 tree, S,W are finite level ≤ 2m+1
trees, τ factors (S,Q,W ). Then for any A ∈ µS, seedQ,Wτ ∈ j
Q ◦jW (A).
We define
τQ,W : Lδ12m+3 [j
S(T2m+2)]→ Lδ12m+3 [j
Q ◦ jW (T2m+2)]
by sending jS(h)(seedS) to jQ ◦ jW (h)(seedQ,Wτ ). Assume by induction that:
(25:m) Suppose Q is a finite level ≤ 2m+2 tree andW is a finite level ≤ 2m+1
tree. Then
(a) (idQ⊗W )
Q,W is the identity on jQ ◦ jW (δ12m+1 + 1).
(b) Suppose W ′ is another finite level ≤ 2m + 1 tree and σ fac-
tors (W,W ′). Then jQ(σW
′
↾ jW (δ12m+1 + 1)) = (Q ⊗ σ)
Q⊗W ′ ↾
(jQ⊗W (δ12m+1 + 1)).
(c) Suppose Q′ is another finite level ≤ 2m + 2 tree and π factors
(Q,Q′). Then πQ
′
↾ (jQ ◦ jW (δ12m+1 + 1)) = (π ⊗ W )
Q′⊗W ↾
jQ⊗W (δ12m+1 + 1).
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(26:m) Suppose x ∈ R and Q is a finite level ≤ 2m+2 tree. Then jQ(κx2m+3) =
κx2m+3 and j
Q ↾κx2m+3 is ∆1-definable over Lκx2m+3 [T2m+2, x] from {T2m+2, x},
uniformly in (Q, x).
(27:m) Suppose Q is a finite level ≤ 2m+2 tree. Then the set of uncountable
Lδ12m+3 [j
Q(T2m+2)]-cardinals in the interval [δ
1
2m+1, δ
1
2m+3) is
{u(2m+1)ξ : 0 < ξ ≤ E(2m+ 1)},
and the set of uncountable Lδ12m+3 [j
Q(T2m+2)]-regular cardinals in the
interval [δ12m+1, δ
1
2m+3) is
{seedQ(d,q) : 2m+ 1 ≤ d ≤ 2m+ 2, (d,q) ∈ desc
∗(Q) is regular}.
In particular, the set of uncountable Lδ12m+3 [T2m+2]-regular cardinals in
the interval [δ12m+1, δ
1
2m+3) is
{jP (δ12m+1) : P level-(2k + 1) tree, card(P ) ≤ 1}.
By (1:k)(15:k)(16:k)(18:k)(27:k) for k ≤ m, if Q is a finite level ≤ 2m+2
tree, then the set of uncountable Lδ12m+3 [j
Q(T2m+2)]-cardinals is
{u(2k+1)ξ : k ≤ m, 0 < ξ ≤ E(2k + 1)},
and the set of uncountable Lδ12m+3 [j
Q(T2m+2)]-regular cardinals is
{seedQ(d,q) : (d,q) ∈ desc
∗(Q) is regular}.
Suppose Q is a finite level ≤ 2m+2 tree,
−−−→
(d, q) = (di, qi)1≤i<k is a distinct
enumeration of a subset of Q and such that for each d > 1, {qi : di = d}∪{∅}
forms a tree on ω<ω. Suppose F : [(δ12i+1)i≤m]
Q↑ → δ12m+3 is a function which
lies is Lδ13[T2m+2]. The signature of F is
−−−→
(d, q) iff there is ~E ∈
∏
i≤m ν2i+1
such that
1. for any ~β,~γ ∈ [E]Q↑, if (d0γq0, . . . ,
dk−1γqk−1) <BK (
d0βq0, . . . ,
dk−1βqk−1)
then f(~β) < f(~γ);
2. for any ~β,~γ ∈ [E]Q↑, if (d0γq0, . . . ,
dk−1γqk−1) = (
d0βq0, . . . ,
dk−1βqk−1) then
f(~β) = f(~γ).
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Clearly the signature of F exists and is unique. In particular, F is constant
on a µQ-measure one set iff the signature of F is ∅.
Suppose the signature of F is
−−−→
(d, q) = ((di, qi))1≤i<k. F is essentially con-
tinuous iff for µQ-a.e. ~β, F (~β) = sup{F (~γ) : ~γ ∈ [(δ12i+1)i≤m]
Q↑, (d0γq0, . . . ,
dk−1γqk−1) <BK
(d0βq0, . . . ,
dk−1βqk−1)}. Otherwise, F is essentially discontinuous. Put [
~B]Q↑(0,−1) =
[ ~B]Q↑ × ω. For (d,q) ∈ desc∗(Q) regular, put [ ~B]Q↑(d,q) = {(~β, γ) : ~β ∈
[ ~B]Q↑, γ < dβq}. For (d,q) either (0,−1) or in desc
∗(Q) regular, say that the
uniform cofinality of F is ucf(F ) = (d,q) iff there is G : [(δ12i+1)i≤m]
Q↑(d,q) →
δ
1
2m+3 such that G ∈ Lδ12m+3 [T2m+2] and for any for µ
Q-a.e. ~β, F (~β) =
sup{G(~β, γ) : (~β, γ) ∈ [(δ12i+1)i≤m]
Q↑(d,q)} and the function γ 7→ G(~β, γ)
is order preserving. Let (Xi, (di, xi,Wi))
⌢(Xk) be the partial level ≤ 2m+2
tower of continuous type and let π factor (Xk, Q) such that π(di, xi) = (di, qi)
for each 1 ≤ i < k. The potential partial level ≤ 2m+ 2 tower induced by F
is
1. (Xk, (di, xi,Wi)1≤i<k), if F is essentially continuous;
2. (Xk, (di, xi,Wi)1≤i<k
⌢(0,−1, ∅)), if F is essentially discontinuous and
has uniform cofinality (0,−1);
3. (Xk, (di, xi,Wi)1≤i<k
⌢(d+, x+,W+)), if F is essentially discontinuous
and has uniform cofinality (d∗,q∗), d∗ > 0, (Xk, (d
+, x+,W+)) is a
partial level ≤ 2m+2 tree with uniform cofinality (d∗,x∗), d∗π(x∗) = q∗.
The approximation sequence of F is (Fi)1≤i≤k where Fi is a function on
[(δ12i+1)i≤m]
Xi↑, Fi(~β) = sup{F (~γ) : ~γ ∈ [(δ
1
2i+1)i≤m]
Q↑, (d1γq1, . . . ,
di−1γqi−1) =
(d1βx1, . . . ,
di−1βxi−1)} for 1 ≤ i ≤ k.
Suppose δ12m+1 ≤ γ < δ
1
2m+3 is a limit ordinal. Suppose Q is a finite level
≤ 2m+ 2 tree, γ = [F ]µQ , the signature of F is (di, qi)1≤i<k, the approxima-
tion sequence of F is (Fi)1≤i≤k. Then the Q-signature of β is (di, qi)1≤i<k,
the Q-approximation sequence of γ is ([Fi]µQ)1≤i≤k, γ is Q-essentially con-
tinuous iff F is essentially continuous. The Q-uniform cofinality of γ is
ω if F has uniform cofinality (0,−1), seedQ(d,q) if f has uniform cofinality
(d,q) ∈ desc∗(Q). The Q-(potential) partial level ≤ 2m + 2 tower induced
by γ and the Q-factoring map are the potential partial level ≤ 2m+2 tower
induced by F and the factoring map induced by F respectively. Assume by
induction that:
(28:m) If x ∈ R and γ < κx2m+3, then the Q-potential partial level ≤ 2m + 2
tower induced by γ and the Q-approximation sequence of γ are uni-
formly ∆1-definable over Lκx2m+3 [T2m+2, x] from (T2m+2, x, Q, γ).
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Suppose T,Q are level ≤ 2m+ 2 trees and C = (d, t, τ) ∈ desc(T,Q, ∗).
For h ∈ ((δ12i+1)i≤m)
T↑,
hQC
is the function on [(δ12i+1)i≤m]
Q↑ defined as follows:
1. If d ≤ 2m+ 1, then hQC(
~β) = (≤2m+1h)
≤2mQ
C (
~β).
2. If d = 2m + 2, then hQC(
~β) = jW (2m+2ht) ◦ id
Q,W
τ (
~β), or equivalently,
hQC([g]
Q) = [2m+2ht ◦ gWτ ]µW .
Suppose additionally that T is finite. Let
idT,QC
be the function [g]T 7→ [gQC]µQ , or equivalently,
~ξ 7→ id
≤2m+1T,≤2mQ
C (
≤2m+1~ξ) if
d ≤ 2m+ 1, ~ξ 7→ τQ,W (dξq) otherwise.
seedT,QC
is the element represented modulo µT by idT,QC . By (25:m) and induction
hypotheses at lower levels, we have:
1. If d = 1, then seedT,QC = seed
T
C.
2. If d > 1 andC ∈ desc(T,Q,W ), then seedT,QC = seed
T,Q⊗W
C = seed
T⊗(Q⊗W )
C .
We assume by induction that:
(29:m) Suppose T,Q are finite level ≤ 2m + 2 trees, W is a finite level ≤
2m + 1 tree, and suppose C,C′ ∈ desc(T,Q,W ), C ≺T,Q C′, C =
(d, t, τ), C′ = (d′, t′, τ ′). Then for any h ∈ ((δ12i+1)i≤m)
T↑, for any
f ∈ ((δ12i+1)i≤m)
Q↑, for any ~α ∈ [((δ12i+1)i≤m)]
W↑,
dgt ◦ f
W
τ (~α) <
d′gt′ ◦ f
W
τ ′ (~α).
(30:m) Suppose T,Q,Q′ are finite level ≤ 2m+ 2 trees, Q is a proper subtree
of Q′, C = (d, t, τ) ∈ desc(T,Q,W ), C′ = (d′, t′, τ ′) ∈ desc(T ′, Q′,W ′),
CC′ ↾ (T,Q). Suppose ~E = (Ei)i≤m ∈
∏
i≤m ν2i+1, each Ei is a club,
η ∈ E ′i iff Ei ∩ η has order type η, ~E
′ = (Ei)i≤m. Then for any h ∈
((δ12i+1)i≤m)
T↑, for any ~α ∈ [ ~E ′]Q↑,
jW,W
′
◦ hQC(~α) = sup{h
Q′
C′(
~β) : ~β ∈ [E]Q
′↑, ~β extends ~α}.
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(31:m) Suppose T, T ′, Q are finite level ≤ 2m+2 trees, T is a proper subtree of
T ′ andC ∈ desc(T,Q, ∗), C′ ∈ desc(T ′, Q, ∗), C = C′ ↾ (T,Q). Suppose
~E = (Ei)i≤m ∈
∏
i≤m ν2i+1, each Ei is a club, η ∈ E
′
i iff Ei∩η has order
type η, ~E ′ = (Ei)i≤m. Then for any ~ξ ∈ [ ~E ′]T
′↑,
idT,QC (
~ξ) = sup{idT
′,Q
C′ (~η) : ~η ∈ [
~E]T↑, ~η extends ~ξ}.
Suppose X is a level ≤ 2m + 2 tree and π factors (X, T,Q). For h ∈
((δ12i+1)i≤m)
T↑, let
hQπ
be the function sending ~β to (hQ
π(d,x)(
~β))(d,x)∈dom(X). If Q is finite, let
idT,Qπ
be the map sending [h]T to [hQπ ]µQ . So id
T,Q
π (
~ξ) = (idT,Q
π(d,x)(
~ξ))(d,x)∈dom(X). If
T,Q are both finite, put
seedT,Qπ = [id
T,Q
π ]µT .
We assume by induction that:
(32:m) Suppose X, T,Q are finite level ≤ 2m+ 2 trees. Then for any A ∈ µX ,
seedT,Qπ ∈ j
T ◦ jQ(A).
We define
πT,Q : Lδ12m+3 [j
X(T2m+2)]→ Lδ12m+3 [j
T ◦ jQ(T2m+2)]
by sending jX(h)(seedX) = jT ◦ jQ(h)(seedT,Qπ ).
We assume by induction that:
(33:m) Suppose X, T,Q are finite level ≤ 2m + 2 trees and π factors (X, T ).
Then
(a) jT ◦ jQ = jT⊗Q.
(b) jQ(πT ↾a) = (Q⊗ π)Q⊗T ↾jQ(a) for any a ∈ Lδ12m+3 [T2m+2];
(c) πT ↾Lδ12m+3 [j
X⊗Q(T2m+2)] = (π ⊗Q)
T⊗Q.
Suppose Q is a finite level ≤ 2m+2 tree. Suppose (d,q) ∈ desc∗(Q), and
if d > 1 then q = (q, P, ~p). Put
J(d,q)KQ =
{
‖(1, (q))‖<Q if d = 1,
[~α 7→ ‖(d, ~α⊕dQ q)‖<Q]µP if d > 1.
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To save ink, put Jd,qKQ = J(d,q)KQ. If in addition, d > 1 and q = (q, . . . ) ∈
desc(dQ) of discontinuous type, put Jd, qKQ = Jd,qKQ. If π factors level
≤ 2m+ 2 trees (Q, T ), then π is said to minimally factor (Q, T ) iff X, T are
both Π12m+2-wellfounded and for any (d, q) ∈ dom(Q), Jd, qKQ = Jπ(d, q)KT .
Assume by induction that:
(34:m) Suppose X, T are Π12m+2-wellfounded level ≤ 2m+2 trees. Then there
exist a Π12m+2-wellfounded level ≤ 2n tree Q and a map π minimally
factoring (X, T ⊗Q).
Suppose R is a level-(2m+3) tree. The ordinal representation of R is the
set
rep(R) ={~α⊕R r : r ∈ dom(R), ~α respects Rtree(r)}
∪ {~α⊕R r
⌢(−1) : r ∈ dom(R), ~α respects R(r)}.
Here for r ∈ dom∗(R) of length k, ~α⊕Rr = (r(0), αRnode(r↾1), r(1), . . . , αRnode(r), r(k−
1)). rep(R) is endowed with the <BK ordering
<R=<BK↾ rep(R).
Assume by induction that:
(35:m) A level-(2m+ 3) tree R is Π12m+3-wellfounded iff <
R is a wellordering.
Suppose B ∈ Lδ13 [T2m+2]. Define
F ∈ BR↑
iff F ∈ Lδ12m+3 [T2m+2] is an order preserving function from rep(R) to B. If F ∈
(δ12m+3)
R↑, then for any r ∈ dom(R), Fr is a function on [(δ
1
2i+1)i≤m]
Rtree(r)↑
that sends ~β to F (~β ⊕R r), and F represents a tuple of ordinals
[F ]R = ([F ]Rr )r∈dom(R)
where [F ]Rr = [Fr]µRtree(r) for r ∈ dom(R). Let
[B]R↑ = {[F ]R : F ∈ BR↑}.
A tuple of ordinals ~γ = (γr)r∈dom(R) respects R iff ~γ ∈ [δ
1
2m+3]
R↑. ~γ weakly
respects R iff for any r, r′ ∈ dom(R), if r is a proper initial segment of r′, then
jRtree(r),Rtree(r
′)(γr) > γr′. If r = (r, Q, . . . ) ∈ desc
∗(R) and F ∈ (δ12m+3)
R↑,
define Fr to be a function on [(δ
1
2i+1)i≤m]
Q↑: if r ∈ desc(R), then Fr =
Fr; if r /∈ desc(R), then Fr(~β) = Fr(~β ↾ Rtree(r)). If ~γ = (γr)r∈dom(R) ∈
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[δ12m+3]
R↑, put γr = [Fr]µQ . If r ∈ desc(R) and A = (r, π, T ) ∈ desc
∗∗(R),
put γA = π
T (γr). Put γ∅ = γ(∅,∅,∅) = δ
1
2m+3. Thus, if r ∈ desc(R) is of
discontinuous type, then γr = γr; if r /∈ desc(R), then γr = j
Rtree(r),Q(γr) =
γ(r,idRtree(r),Q). The next induction hypothesis computes the remaining case
when r ∈ desc(R) is of continuous type, justifying that γr does not depend
on the choice of F .
(36:m) Suppose R is a level-(2m+3) tree, ~γ ∈ [δ12m+3]
R↑, r = (r, Q,
−−−−−→
(d, q, P )) ∈
desc(R) is of continuous type. Then γr = j
Rtree(r−),Q
sup (γr−).
We assume by induction that:
(37:m) Suppose R is a level-(2m + 3) tree and ~γ = (γr)r∈dom(R) is a tuple of
ordinals in δ12m+3. Then ~γ respects R iff the following holds:
(a) For any r ∈ dom(R), the Rtree(r)-potential partial level ≤ 2m+2
tower induced by γr is R[r], and the Rtree(r)-approximation se-
quence of γr is (γp↾l)1≤l≤lh(r).
(b) If Rtree(r
⌢(a)) = Rtree(r
⌢(b)) and a <BK b then γp⌢(a) < γp⌢(b).
Moreover, if B ∈ Lδ12m+3 [T2m+2] is a closed set, B
′ is the set of limit
points of B, then ~γ ∈ [B]R↑ iff ~γ respects R and for each r ∈ dom(R),
γr ∈ j
Rtree(r)(B′).
Define C∗2m+3 = {ξ < δ
1
2m+3 : for any finite level ≤ 2n+ 2 tree Q, j
Q
sup(ξ) =
ξ}. By (26:m), C∗ ∩ κx2m+3 has order type κ
x
2m+3, and hence C
∗ has order
type δ12m+3. Suppose R is a level-(2m + 3) tree. ~γ strongly respects R iff
~γ ∈ [C∗]R↑. The function A 7→ 〈A〉 is defined exactly as in [9]. So are the
relations A ≺R A′, r ≺R A, r ≺R A, etc. for r ∈ desc∗(R), r ∈ dom(R).
Define ≺R∗=≺↾ desc
∗∗(R), ∼R∗ =∼↾ desc
∗∗(R). If A = (r, π, T ) and ~γ respects
R, let γA = π
T (γr). Assume by induction that:
(38:m) Suppose R is a level-(2m+3) tree, A,A′ ∈ desc∗(R), ~γ strongly respects
R. Then A ≺R A′ iff γA < γA′; A ∼R A′ iff γA = γA′ .
Suppose now R is a finite level ≤ 2m + 3 tree. Then rep(R) = ∪d{d} ×
rep(dR). Suppose ~B = (Bi)i≤m+1 ∈ L[T2m+3]. Define f ∈ ~BR↑ iff f ∈
L[T2m+3] is an order preserving function from rep(R) to ∪iBi such that for any
i, ran(if) ⊆ Bi. Define [B]R↑ = {[f ]R : f ∈ BR↑}. ~α = (α(d,r))(d,r)∈dom(R) =
(dαr)r∈dom(R) respects R iff ~α ∈ [(δ
1
2i+1)i≤n]
R↑.
Suppose Y is a level ≤ 2m + 3 tree, T is a level ≤ 2m + 2 tree, and
B = (d,y, π) ∈ desc(Y, T, ∗), F ∈ ((δ12i+1)i≤m+1)
Y ↑. Then
F TB : [ω1]
T↑ → δ13
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is the function that sends ~ξ to jQ(dFy) ◦ id
T,Q
π (
~ξ), or equivalently, sends [h]T
to [dFy ◦ hQπ ]µQ .
idY,TB
is the function [F ]Y 7→ [F TB ]µT , or equivalently, ~γ 7→ π
T,Q(γy).
seedY,TB
is the element represented modulo µY by idY,TB . We assume by induction
that:
(39:m) Suppose Y is a finite level ≤ 2m+3 tree, T,Q are finite level ≤ 2m+2
trees, and suppose B,B′ ∈ desc(Y, T,Q), B ≺Y,T B′, B = (d,y, π),
B′ = (d′,y′, π′). Then for any F ∈ ((δ12i+1)i≤m+1)
Y ↑, for any h ∈
((δ12i+1)i≤m)
T↑, for any ~β ∈ [((δ12i+1)i<m)]
Q↑,
Fy ◦ h
Q
π (
~β) < d
′
Fy′ ◦ h
Q
π′(
~β).
(40:m) Suppose Y is a finite level ≤ 2m+3 tree, T, T ′ are finite level ≤ 2m+2
trees, T is a proper subtree of T ′, B = (y, π) ∈ desc(Y, T,Q), B′ =
(y′, π′) ∈ desc(Y ′, T ′, Q′), B = B′ ↾ (Y, T ). Suppose ~E = (Ei)i≤m ∈∏
i≤m ν2i+1, each Ei is a club, η ∈ E
′
i iff Ei ∩ η has order type η,
~E ′ = (Ei)i≤m. Then for any F ∈ ((δ12i+1)i≤m+1)
Y ↑, for any ~ξ ∈ [ ~E ′]T↑,
jQ,Q
′
◦ F TB(~ξ) = sup{F
T ′
B′ (~η) : ~η ∈ [E]
T ′↑, ~η extends ~ξ}.
(41:m) Suppose Y, Y ′ are finite level ≤ 2m + 3 trees, Y is a proper sub-
tree of Y ′, T is a finite level ≤ 2m + 2 tree and B ∈ desc(Y, T, ∗),
B′ ∈ desc(Y ′, T, ∗), B = B′ ↾ (Y, T ). Suppose ~E = (Ei)i≤m+1 ∈∏
i≤m+1 ν2i+1, each Ei is a club, η ∈ E
′
i iff Ei ∩ η has order type η,
~E ′ = (E ′i)i≤m+1. Then for any ~γ ∈ [ ~E
′]Y ↑,
idY,TB (~γ) = sup{id
Y ′,T
B′ (
~δ) : ~δ ∈ [ ~E]Y
′↑, ~δ extends ~γ}.
Suppose R is a level ≤ 2m + 3 tree and ρ factors (R, Y, T ). For F ∈
((δ12i+1)i≤m+1)
Y ↑, let
F Yρ
be the function sending ~γ to (F Tρ(d,r)(~γ))(d,r)∈dom(R). If T is finite, let
idY,Tρ
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be the map sending [F ]Y to [F Tρ ]µT . So id
Y,T
ρ (~γ) = (id
Y,T
ρ(d,r)(~γ))(d,r)∈dom(R).
Suppose R is Π12m+3-wellfounded. Put J2m + 3, ∅KR = o.t.(<
R). For
(d, r) ∈ desc∗∗(R), r = (r, Q,
−−−−−→
(d, q, P )), put
Jd, rKR = [~β 7→ ‖d, ~β ⊕R r‖<R]µQ .
If (d, r) ∈ desc(R) is of discontinuous type, put Jd, rKR = Jd, rKR. We say
that ρ minimally factors (R, Y ) iff ρ factors (R, Y ), R, Y are both Π12m+3-
wellfounded and Jd, rKR = Jρ(d, r)KY for any r ∈ dom(R). Assume the
induction hypothesis:
(42:m) Suppose R, Y are Π12m+3-wellfounded level ≤ 2m + 3 trees and J2m +
3, ∅KR ≤ J2m + 3, ∅KY . Then there exist a Π12m+2-wellfounded level
≤ 2m + 2 tree T and a map ρ minimally factoring (R, Y ⊗ T ). If
J2m + 3, ∅KR < J2m + 3, ∅KY , we can further assume that for some
B ∈ desc(Y, T, ∗) we have lh(B) = 1 and J2m+ 3, ∅KR = JBKY .
If R is a level-(2m + 3) tree, then JrKR = J2m + 3KR′ and JrKR =
J2m + 3KR′ , where R
′ = Q
(2m+2)
0 ⊕ R. If R, Y are level-(2m + 3) trees,
then ρ minimally factors (R, Y ) iff ρ extends to ρ′ which minimally factors
(Q
(2m+2)
0 ⊕R,Q
(2m+2)
0 ⊕ Y ).
Suppose R is a level-(2m+3) tree and dom(R) = {((0))}, Rnode(((0))) =
(d, q), Q is a completion of R(((0))). We say that ǫ is Q-represented by T iff
Q is a subtree of T and Jd, qKT = ǫ. Suppose Q is a finite level ≤ 2m+2 tree
and ~ǫ = (dǫt)(d,t)∈dom(Q) is a tuple of ordinals indexed by dom(Q). We say
that ~ǫ is represented by Q′ iff Q is a subtree of Q′, Q′ is Π12m+2-wellfounded
and ~ǫ = (Jd, tKQ′)(d,t)∈dom(Q′). Similarly define a tuple ~ǫ = (ǫr)r∈dom(R) being
represented by a level-(2m + 3) tree R. Assume by induction that:
(43:m) Suppose R is a level-(2m + 3) tree and dom(R) = {((0))}, R(((0))) =
(Q
(2m+2)
0 , (d, q, P )), 2k+1 ≤ d < 2k+3, Q is a completion of R(((0))).
Then cofinally many ordinals in jP (δ12k+1) are Q-represented by some
level ≤ 2m+ 2 tree.
(44:m) Suppose Q is a finite level ≤ 2m+2 tree and ~ǫ respects Q. Then there
is Q′ extending Q such that ~ǫ is represented by Q′.
(45:m) Suppose R is a finite level-(2m+ 3) tree and ~ǫ respects R. Then there
is R′ extending R such that ~ǫ is represented by R′.
To every ordinal ξ < E(2m+ 3), we assign ξ̂ as follows:
1. If ξ < E(2m+ 1), then ξ̂ has been defined by induction.
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2. If 0 < η = ωE(2m)+η1 + · · ·+ ωE(2m)+ηk + χ < E(2m+ 2), E(2m+ 1) >
η1 ≥ · · · ≥ ηk, E(2m+ 1) > χ, then ω̂η = u
(2m+1)
η1+1 · · · · · u
(2m+1)
ηk+1
· ξ̂.
3. If 0 < ξ = ωη1 + · · · + ωηk , E(2m + 2) > η1 ≥ · · · ≥ ηk, then ξ̂ =
ω̂η1 + · · ·+ ω̂ηk .
Let R
(2m+3)
E(2m+3) be the unique (up to an isomorphism) level-(2m + 3) tree
such that
1. for any finite level-(2m + 3) tree Y , there exists ρ which minimally
factors (Y,R
(2m+3)
E(2m+3));
2. if r ∈ dom(R(2m+3)
E(2m+3)) then there exist a finite Y and ρ which minimally
factors (Y,R) such that r ∈ dom(ρ).
We fix the following representation of R
(2m+3)
E(2m+3), whose domain consists of
finite tuples of ordinals in E(2m+ 3):
1. (ξ1) ∈ dom(R
(2m+3)
E(2m+3)) iff 0 < ξ1 < E(2m + 3). R
(2m+3)
E(2m+3)((ξ1)) is the
Q
(2m)
0 -partial level ≤ 2m+ 2 tree induced by ξ̂1.
2. If r = (ξ1, . . . , ξk−1) ∈ dom(R
(2m+3)
E(2m+3)), then r
⌢(ξk) ∈ dom(R
(2m+3)
E(2m+3))
iff ξk < E(2m + 3) and there exists a completion Q
+ of R
(2m+3)
E(2m+3)(r)
such that the Q+-approximation sequence of ξ̂k is (ξ̂i)1≤i≤k; if r
⌢(ξk) ∈
dom(R
(2m+3)
E(2m+3)) andQ
+ is the unique such completion, then R
(2m+3)
E(2m+3)(r
⌢(ξk))
is the Q+-partial level ≤ 2m+ 2 tree induced by ξ̂k.
Therefore, J∅KR = u
(2m+1)
E(2m+1) and if r = (ξ1, . . . , ξk) ∈ dom(R
(2m+3)
E(2m+3)), then
JrKR = ξ̂k. If Y is a finite level-3 tree, then the map y 7→ ry minimally factors
(Y,R), where if (Jy ↾ iKY )1≤i≤lh(y) = (ξ̂1, . . . , ξ̂lh(y)) then ry = (ξ1, . . . , ξlh(y)).
For 0 < ξ < E(2m+ 3), let R
(2m+3)
ξ = R
(2m+3)
E(2m+3) ↾ (ξ).
4 The level-(2n+ 1) sharp
From now on, we assume Π12n+1-determinacy. This is equivalent to “∀x ∈ R
there is an (ω1, ω1)-iterable M
#
2n by Neeman [3, 4] and Woodin [1, 5, 7].” We
shall show the induction hypotheses (1:n)-(12:n).
(1:n) follows from Steel’s computation of Lδ12n+1 [T2n+1] = M
−
2n,∞. We
proceed with the definition of the operator x 7→ x(2n+1)#. It will be basically
copying the arguments in [9].
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4.1 The equivalence of M#2n and 0
(2n+1)#
Suppose C ⊆ δ12n+1. C is firm iff every member of C is additively closed, the
set {ξ : ξ = o.t.(C ∩ ξ)} has order type δ12n+1 and C ∩ ξ ∈ Lδ12n+1 [T2n] for all
ξ < δ12n+1. C is a set of potential level-(2n + 1) indiscernibles for M
−
2n,∞ iff
for any level-(2n + 1) tree R, for any F,G ∈ CR↑ ∩ Lδ12n+1 [T2n],
(M−2n; [F ]
R) ≡ (M−2n; [G]
R).
Say that δ is an M2n−2-Woodin cardinal iff M2n−2(Vδ) |= “δ is Woodin”.
By a theorem of Woodin, putting κ = u
(2n−1)
E(2n−1), then M
−
2n−2,∞(x) |= “κ is
the least M2n−2-Woodin cardinal”. By Π
1
2n+1-determinacy, if C is the set of
M2n−2-Woodin cardinals in M
−
2n(M
#
2n) and their limits, then C is a firm set
of potential level-(2n + 1) indiscernibles for M−2n,∞. We define
0(2n+1)#
to be a map sending a level-(2n + 1) tree R to 0(2n+1)#(R), where pϕq ∈
0(2n+1)#(R) iff ϕ is an LR-formula and for all ~γ ∈ [C]R↑,
(M−2n,∞;~γ) |= ϕ.
If R is a finite level-(2n + 1) tree, we have:
1. 0(2n+1)#(R) is a a((J∅KR + ω)-Π12n+1) real, and
2. the universal a(J∅KR-Π12n+1) real is many-one reducible to 0
(2n+1)#(R),
uniformly in R.
Hence, by induction hypotheses (13:n− 1)(14:n− 1), 0(2n+1)# ≡m M
#
2n. Rel-
ativizing to any real,
x(2n+1)# ≡m M
#
2n(x), uniformly in x.
This verifies (2:n).
4.2 Syntactical properties of 0(2n+1)#
By (13:n − 1)(26:n − 1), if Q, T are finite level ≤ 2n trees and π factors
(Q, T ), then jQ ↾δ12n+1 and π
T ↾δ12n+1 are Σ
1
2n+2 in the codes. We make the
following informal symbols that will occur in a level-(2n + 1) EM blueprint:
1. If Q is a finite level ≤ 2n tree, jQ(a) = b iff for any ξ cardinal cut-
point such that {a, b} ∈ K|ξ, the Coll(ω, ξ)-generic extension satisfies
jQ(πK|ξ,∞(a)) = πK|ξ,∞(b).
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2. If π factors finite level ≤ 2n trees (X, T ), πT (a) = b iff for any ξ car-
dinal cutpoint such that {a, b} ∈ K|ξ, the Coll(ω, ξ)-generic extension
satisfies πT (πK|ξ,∞(a)) = πK|ξ,∞(b).
3. If Q is a level ≤ 2n subtree of Q′, Q′ is finite, then jQ,Q
′
= (idQ)
Q,Q′.
4. Corresponding to items 1-3, jQsup, π
T
sup, j
Q,Q′
sup stand for functions on or-
dinals that send α to sup(jQ)′′α, sup(πT )′′α, sup(jQ,Q
′
)′′α respectively.
5. If k is a definable class function andW is a definable class, then k(W ) =⋃
{k(W ∩ Vα) : α ∈ Ord}.
6. If X, T, T ′ are finite level ≤ 2n trees, T is a subtree of T ′, a ∈ jX(V ),
R is a level-(2n + 1) tree, dom(R) = {((0))}, then
(a) BTX,a = {π
T⊗Q(a) : Q finite level ≤ 2n tree, π factors (X, T ⊗Q)};
(b) HTX,a is the transitive collapse of the Skolem hull of B
T
X,a∪ ran(j
T )
in jT (V ) and φTX,a : H
T
X,a → j
T (V ) is the associated elementary
embedding;
(c) jTX,a = (φ
T
X,a)
−1 ◦ jT ;
(d) jT,T
′
X,a = (φ
T ′
X,a)
−1 ◦ jT,T
′
◦ φTX,a;
(e) BTR,a = B
T
Q
(2n)
0 ,a
∪
(⋃
{BTQ : Q is a completion of R(((0))))}
)
.
(f) HTR,a is the transitive collapse of the Skolem hull of B
T
R,a∪ ran(j
T )
in jT (V ) and φTR,a : H
T
R,a → j
T (V ) is the associated elementary
embedding;
(g) jTR,a = (φ
T
R,a)
−1 ◦ jT ;
(h) jT,T
′
R,a = (φ
T ′
R,a)
−1 ◦ jT,T
′
◦ φTR,a.
7. Suppose R is a level-(2n + 1) tree.
(a) If r = (r, Q,
−−−−−→
(d, q, P )) ∈ desc∗(R), cr is the informal LR-symbol
whose interpretation is
cr =

j
Rtree(r−),Q
sup (cr−) if r ∈ desc(R) of continuous type,
cr if r ∈ desc(R) of discontinuous type,
jRtree(r),Q(cr) if r /∈ desc(R).
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(b) If T, U are finite level ≤ 2n trees and B = (r, π) ∈ desc(R, T, U),
r 6= ∅, then cTB is the informal L
R-symbol which stands for πT,U(cr).
(c) If A = (r, π, T ) ∈ desc∗∗(R), r 6= ∅, then cA is the informal LR-
symbol which stands for πT (cr).
Definition 4.1. A pre-level-(2n + 1) blueprint is a function Γ sending any
finite level-(2n + 1) tree Y to a complete consistent LY -theory Γ(Y ) which
contains all of the following axioms:
1. ZFC+ there is no inner model with 2n Woodin cardinals +V = K+
there is no strong cardinal +V is closed under the M#2n−1-operator.
2. Suppose X, T,Q, Z are finite level ≤ 2n trees, π factors (X, T ), ψ fac-
tors (T, Z).
(a) jT : V → jT (V ) is L-elementary. jQ
(2n)
0 is the identity map on V .
(b) πT : jX(V ) → jT (V ) is L-elementary. jQ
(2n)
0 ,T = jT . jT,T is the
identity map on jT (V ).
(c) (ψ ◦ π)Z = ψZ ◦ πT .
(d) jT ◦ jQ = jT⊗Q.
(e) jQ(πT ) = (Q⊗ π)Q⊗T .
(f) πT ↾jX⊗Q(V ) = (π ⊗Q)T⊗Q.
3. If ξ is a cardinal and strong cutpoint, then V Coll(ω,ξ) satisfies the follow-
ing: If U is a Π12n-wellfounded level ≤ 2n tree, thenK|ξ and (j
U)K(K|ξ)
are countable Π12n+1-iterable mice and (j
U)K ↾ (K|ξ) is essentially an it-
eration map from K|ξ to (jU)K(K|ξ). Here (jU)K stands for the direct
limit map of (jZ,Z
′
)K for Z,Z ′ finite subtrees of U , Z a finite subtree
of Z ′.
4. For any y ∈ dom(Y ), “cy ∈ Ord” is an axiom.
5. If y ≺Y y′, then “cy < cy′” is an axiom; if y ∼Y y′, then “cy = cy′” is
an axiom.
A level-(2n+1) EM blueprint is a pre-level-(2n+1) EM blueprint satisfying
the coherency property : if R is a finite level-(2n + 1) tree, Y, T are finite
level ≤ 2n trees, ρ factors (R, Y, T ), then for each L-formula ϕ(v1, . . . , vn),
for each r1, . . . , rn ∈ dom(R),
pϕ(cr1, . . . , crn)q ∈ Γ(R)
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iff
pjT (V ) |= ϕ(cTρ(r1), . . . , c
T
ρ(rn))q ∈ Γ(Y ).
If Γ is a level-(2n + 1) EM blueprint and Y is a level-(2n + 1) tree, the
EM model MΓ,Y is defined. If ρ factors (R, Y ), then ρYΓ is defined. If T is a
level ≤ 2n tree and ρ factors (R, Y, T ), the notations MTΓ,Y , j
T
Γ,Y , ρ
Y,T
Γ , etc.
are defined.
A level-(2n + 1) EM blueprint is iterable iff for any Π12n+1-wellfounded
level-(2n+1) tree Y ,MΓ,Y is a Π12n+1-iterable mouse. Unboundedness, weak
remarkability and level ≤ 2n correctness are defined as in [9], only replacing
every occurrence of “level-3 tree”, “level ≤ 2 tree”, “Π12-wellfounded” by
“level-(2n+ 1) tree”, “level ≤ 2n tree”, “Π12n-wellfounded” respectively. If Γ
is a weakly remarkable level-(2n+ 1) EM blueprint, for a level-(2n+1) tree,
the full model M∗Γ,Y is defined. The notations M
∗,T
Γ,Y , ρ
∗,Y
Γ , etc. carry over.
For γ respecting a level ≤ 2n tree Q, cΓ,Q,γ is defined. Define cΓ,γ = cΓ,Q(2n)0 ,γ
for any limit ordinal γ < δ12n+1. Γ is remarkable iff Γ is weakly remarkable
and
1. If R is a level-(2n+ 1) tree, dom(R) = {((0))}, R(((0))) is of degree 0,
then Γ(R) contains the axiom “c((0)) is not measurable”.
2. IfR is a level-(2n+1) tree, dom(R) = {((0))}, R(((0))) = (Q(2n)0 , (d, q, P )),
then Γ(R) contains the following axiom: if ξ is a cardinal and strong
cutpoint, c = c((0)), b
Q = (φQR,c)
−1(c) for Q a completion of R(((0))),
then V Coll(ω,ξ) satisfies the following:
(a) If Q is a completion of R(((0))) and α is Q-represented by both T
and T ′, then ((jTR,c)
K(K|ξ), (jQ,TR,c )
K(bQ)) ∼DJ ((jT
′
R,c)
K(K|ξ), (jQ,T
′
R,c )
K(bQ)).
(b) Let F (α) = π(jT
R,c
)K(K|ξ),∞((j
Q,T
R,c )
K(bQ)) for α Q-represented by
T and Q a completion of R(((0))). Then supα<jP (δ12k+1) F (α) =
πK|ξ,∞(c) where 2k + 1 ≤ d < 2k + 3.
By appealing to (45:n − 1), if Γ is an iterable, weakly remarkable level-
(2n+ 1) EM blueprint, then:
1. The following are equivalent:
(a) Γ is remarkable.
(b) The map γ 7→ cΓ,γ is continuous.
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(c) IfR is a level-(2n+1) tree with domain {((0))}, R((0)) = (Q(2n)0 , (d, q, P )),
2k+1 ≤ d < 2k+3, then there is γR such that cf
L
δ1
2n+3
[T2n+2]
(γR) =
jP (δ12k+1) and
cΓ,γR = {cΓ,β : β < γR}.
2. The following are equivalent:
(a) Γ is level ≤ 2n correct.
(b) For any potential partial level ≤ 2n tower (X,
−−−−−→
(e, x,W )) of con-
tinuous type, if F ∈ ((δ12i+1)i≤n)
(X,
−−−−−→
(e,x,W ))↑, then
cΓ,X,[F ]
µX
= [~α 7→ cΓ,F (~α)]µX .
(c) For any potential partial level ≤ 2n tower (X,
−−−−−→
(e, x,W )) of con-
tinuous type, there exists F ∈ ((δ12i+1)i≤n)
(X,
−−−−−→
(e,x,W ))↑ satisfying
cΓ,X,[F ]
µX
= [~α 7→ cΓ,F (~α)]µX .
0(2n+1)# is the unique iterable, remarkable, level ≤ 2n correct level-(2n+1)
EM blueprint. c
(2n+1)
Q,γ , c
(2n+1)
γ are defined as usual. I(2n+3) is the set of level-
(2n + 1) indiscernibles for M−2n,∞. 0
(2n+1)# contains the universality of level
≤ 2n ultrapowers axiom:
If α is a limit ordinal and ξ > α is a cardinal and cutpoint,
then V Coll(ω,ξ) satisfies πK|ξ,∞(α) = sup{π(jT )K(K|ξ),∞(β) : T is
Π12n-wellfounded, β < (j
T )K(α)}.
If N is a structure that satisfies Axioms 1-3 in Definition 4.1 and the
universality of level ≤ 2n ultrapowers axiom, then
GN
is the direct system consisting of models N T for which T is a Π12n-wellfounded
level ≤ 2n tree and maps πT,T
′
N : N
T → N T
′
for π minimally factoring T, T ′.
Define
N∞ = dirlimGN ,
πNT ,N∞ : N
T → N∞ is tail of the direct limit map.
If in addition, N is countable Π12n+1-iterable mouse, then GN is a dense
subsystem of IN , so there is no ambiguity in the notation N∞. If Q is a
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finite level ≤ 2n tree, a ∈ N , ~β = (dβx)(d,x)∈dom(Q) is represented by both T
and T ′, then πNT ,∞ ◦ j
Q,T
N (a) = πNT ′ ,∞ ◦ j
Q,T ′
N (a). We can define
πN ,Q,~β,∞(a) = πNT ,∞ ◦ j
Q,T
N (a)
for ~β represented by T . So
N∞ = {πN ,Q,~β,∞(a) : a ∈ N , Q finite level ≤ 2n tree,
~β respects Q}.
If ~γ respects a level-(2n + 1) tree R, define
c~γ = (c
(2n+1)
Rtree(r),γr
)r∈dom(R)
which strongly respects R. The general remarkability of 0(2n+1)# is as follows:
Suppose ~γ and ~γ′ both respect a finite level-(2n + 1) tree R.
Suppose r ∈ dom(R) and for any s ≺R r, γs = γ′s. Then for any
L-Skolem term τ ,
M−2n,∞ |= τ(c~γ) < c
(2n+1)
Rtree(r),γr
→ τ(c~γ) = τ(c~γ′).
For any c
(2n+1)
ω < ξ ∈ I(2n+1), there is an L-Skolem term τ such that
M−2n,∞(0
(2n+1)#) |= “τ(sup(I(2n+1) ∩ ξ), ·) is a surjection from sup(I(2n+1) ∩ ξ)
onto ξ”. For any u
(2n−1)
E(2n−1) < ξ < c
(2n+1)
ω , there is an L-Skolem term τ such
that M−2n,∞(0
(2n+1)#) |= “τ(u(2n−1)
E(2n−1), ·) is a surjection from u
(2n−1)
E(2n−1) onto ξ”.
For notational convenience, if X is a finite level ≤ 2n tree and γ = [F ]µX
is a limit ordinal, define c
(2n+1)
X,γ = [~α 7→ c
(2n+1)
F (~α) ]µX ; define c
(2n+1)
∅,δ12n+1
= δ12n+1.
Ordinals of the form c
(2n+1)
X,γ when X 6= ∅ are definable from elements in
I(2n+1) over M−2,∞. Define I¯
(2n+1) =the closure of I(2n+1) under the order
topology. Every ordinal in I¯(2n+1) is of the form c
(2n+1)
X,γ where X is finite
and γ < δ12n+1 is a limit. Thus, if A = (r, π, T ) ∈ desc
∗∗(R) and ~γ strongly
respects R, then c
(2n+1)
T,γA
∈ I¯(2n+1) and is a limit point of I(2n+1).
We define the level ≤ 2n indiscernibles below u(2n−1)
E(2n−1) as in the last sec-
tion of [10]. This leads to a closed-below-u
(2n−1)
E(2n−1) set I
(≤2n) ⊆ u(2n−1)
E(2n−1),
enumerated as b
(≤2n)
β for β <
(2n−1)
E(2n−1) in the increasing order. We get clubs
~C ∈
∏
i≤n νi such that if P is a finite level ≤ 2n − 1 tree and β = [f ]µP <
u
(2n−1)
E(2n−1), then b
(≤2n)
β = [~α 7→ b
(≤2n)
f(α) ]µP . As in the last section of [10],
for any min(I≤2n) < ξ ∈ I(≤2n), there is an L-Skolem term τ such that
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M−2n,∞(0
(2n+1)#) |= “τ(sup(I(≤2n) ∩ ξ), ·) is a surjection from sup(I(≤2n) ∩ ξ)
onto ξ”; for any ξ < min(I≤2n), there is an L-Skolem term τ such that
M−2n,∞(0
(2n+1)#) |= “τ(·) is a surjection from ω onto ξ”.
All the above notions relativize to an arbitrary real. The relevant nota-
tions are c
(2n+1)
x,γ , c
(2n+1)
x,Q,γ , I
(2n+1)
x , etc. If x ∈ R, a level ≤ 2n + 1 code for an
ordinal in δ12n+1 relative to x is of the form
(x,R,~γ,Q, ~β, pσq)
such that R is a finite level-(2n + 1) tree, ~γ respects R, Q is a finite level
≤ 2n tree, ~β respects Q, and σ is an Lx,R-Skolem term for an ordinal. It
codes the ordinal∣∣∣(x,R,~γ,Q, ~β, pσq)∣∣∣ = πM∗
x(2n+1)#,R
,Q,~β,∞(σ
M∗
x(2n+1)#,R((cr)r∈dom(R))).
For any x, every ordinal in δ12n+1 has a level ≤ 2n+ 1 code relative to x.
4.3 Level-(2n+ 1) uniform indiscernibles
Suppose R is a finite level-(2n + 1) tree, τ is an L-Skolem term, ~γ strongly
respects R. Suppose A = (r, π, T ) ∈ desc∗∗(R). Then
τM
−
2,∞(c~γ) < c
(2n+1)
T,γA
→ τM
−
2,∞(c
(2n+1)
~γ ) < min(I
(2n+1)\sup{c(2n+1)T ′,γ
A′
: A′ ≺R∗ A}).
Suppose R is a finite level-(2n+1) tree and A = (r, π, T ) ∈ desc∗∗(R), r 6= ∅,
~γ strongly respects R. Then c
(2n+1)
T,γA
is a cardinal in M−2n,∞.
The theory of level-(2n+1) sharps imply (3:n). (4:n) follows from (3:n).
(5:n) follows from (37:n− 1)(39:n− 1)(40n− 1) and  Los´. (6:n) follows from
the theory of level-(2n + 1) sharps.
Recall the lemma in [10] on the well-definedness of γr for r anR-description
when R is a level-3 tree.
Lemma 4.2. Suppose R is a level-3 tree, ~γ ∈ [δ13]
R↑, r = (r, Q,
−−−−−→
(d, q, P )) ∈
desc(R) is of continuous type. Then γr = j
Rtree(r−),Q
sup (γr−).
It has an obvious generalization to the higher levels.
Lemma 4.3. Suppose R is a finite level-(2n+ 1) tree, A ∈ desc∗∗(R), A 6=
(∅, ∅, ∅). Then cfL[j
R(T2n+1)](seedRA) = seed
R
ucf(A).
Proof. By the higher analog of proof of Lemma 4.2, for any real x, x3#(R)
contains the axiom “cf(cA) = cf(cucf(A))”. So cf
L[jR(T2n+1)](seedRA) = cf
L[jR(T2n+1)](seedRucf(A)).
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So the L[jR(T2n+1)]-regular cardinals in the interval [δ
1
2n+1, j
R(δ12n+1)] is a
subset of {seedRr : r ∈ desc
∗(R) is regular}. It remains to show that for
any r = (r, Q,
−−−−−→
(d, q, P )) ∈ desc∗(R) regular, seedRr is regular in L[j
R(T2n+1)].
Suppose towards a contraction that seedRr is the least counterexample and
for some real x, cfM
−
2n,∞(x)(seedRr ) = δ < seed
R
r and δ is L[j
R(T2n+1)]-regular.
Case 1: δ = seedRr′, r
′ ≺R r.
So x(2n+1)#(R) contains the axiom “cf(cr) = cr′”. However, we can easily
construct a one-node extension S of R such that s ∈ dom(S)\dom(R), s ≺S r
and A ≺S s for any A ∈ desc∗∗(R). Let τ be an LR-Skolem term such that
x(2n+1)#(R) contains the formula “τ(·) is a cofinal map from cr′ to cr”. By
general remarkability, x(2n+1)#(S) contains the formula “τ ′′cr′ ⊆ cs”. This is
a contradiction.
Case 2: δ < δ12n+1.
By (1:k)(3:k) for k ≤ n, (15:k)(27:k) for k ≤ n − 1, either δ = ω or
δ = jP (δ12k+1) satisfying k < n, P is a level-(2k + 1) tree, card(P ) ≤ 1. δ is
definable in M#2n(x), allowing us to proceed with the proof of Case 1.
Lemma 4.3 implies (7:n). The proof of (8:n) is basically in [10].
We prove (9:n). Recall that a level-(2n+1) sharp code is based on the tree
R
(2n+1)
E(2n+1). One can define the “R
(2n+1)
E(2n+1)-signature”, “R
(2n+1)
E(2n+1)-approximation
sequence”, etc. in a completely parallel way. Appealing to (7:n) for uniform
cofinality when necessary, the R
(2n+1)
E(2n+1)-partial level ≤ 2n+ 1 tower induced
by β and the R
(2n+1)
E(2n+1) approximation sequence of β are uniformly ∆
1
2n+3 de-
finable from β. The issue is reduce R
(2n+1)
E(2n+1) to finite trees. If β = [f ]µW , W
is a finite level-(2n+1) tree, and f(~α) = τM
−
2n,∞(x)(x, ~α) for µW -a.e. ~α, ρ fac-
tors (W,R
(2n+1)
E(2n+1)), then ρ
R
(2n+1)
E(2n+1)(β) =
∣∣∣〈pτ(x, (cρ(w))w∈dom(W ))q, x(2n+1)#〉∣∣∣. It
suffices to show that ρR
(2n+1)
E(2n+1) ↾ jW (δ12n+1) is ∆
1
2n+3, uniformly in (W, ρ). By
looking at the R
(2n+1)
E(2n+1)-signature, (ρ
R
(2n+1)
E(2n+1))′′jW (δ12n+1) is uniformly ∆
1
2n+3.
Hence,
ρE
(2n+1)
E(2n+1)(
∣∣〈pσq, y(2n+1)#〉∣∣) = ∣∣〈pχq, z(2n+1)#〉∣∣
iff for some (or equivalently, for any) countable transitive model M of ZFC
containing y, z such that RM is closed underM#2n,M satisfies that ρ
R
(2n+1)
E(2n+1)(
∣∣〈pσq, y(2n+1)#〉∣∣) =∣∣〈pχq, z(2n+1)#〉∣∣. This is a ∆12n+3 definition of ρR(2n+1)E(2n+1) ↾jW (δ12n+1).
The level-(2n + 2) Martin-Solovay tree T2n+2 is defined as follows. Let
T (2n+1) be a recursive tree so that z ∈ [T ] iff z is a remarkable level-(2n +
1) EM blueprint over a real. Let (ri)1≤i<ω be an effective enumeration of
dom(R
(2n+1)
E(2n+1)) and let (τk)k<ω be an effective enumeration of all the L-Skolem
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terms for an ordinal, where τk is (f(k)+1)-ary. T2n+2 is the tree on 2×u
(2n+1)
E(2n+1)
where
(t, ~α) ∈ T2n+2
iff t ∈ T (2n+1) and
1. if ξ ≤ η < E(2n + 1), r1, . . . , rf(k) ∈ dom(R
(2n+1)
ξ ), r1, . . . , rf(l) ∈
dom(R
E(2n+1)
η ), ρ factors (R
(2n+1)
ξ , R
(2n+1)
η ),
(a) if “τk(x, cρ(r1), . . . , cρ(rf(k))) = τl(x, cr1, . . . , crf(l))” is true in t, then
ρR
(2n+1)
η (αk) = αl;
(b) if “τk(x, cρ(r1), . . . , cρ(rf(k))) < τl(x, cr1, . . . , crf(l))” is true in t, then
ρR
(2n+1)
η (αk) < αl;
2. if ξ < E(2n + 1), r1, . . . , rmax(f(k),f(l)) ∈ dom(R
(2n+1)
ξ ), Q,Q
′ are finite
level ≤ 2n+1 trees, Q is a subtree of Q′, “jQ,Q
′
(τk(x, cr1 , . . . , crf(k))) =
τl(x, cr1, . . . , crf(l))” is true in t, then j
R
(2n+1)
ξ
⊗Q,R
(2n+1)
ξ
⊗Q′(αk) = αl.
We have:
• p[T2n+2] = {x(2n+1)# : x ∈ R}.
• T2n+2 is ∆12n+3 in the level-(2n + 1) sharp codes.
• For any x ∈ R, (T2n+2)x(2n+1)# has an honest leftmost branch
(τ
(j
R
(2n+1)
E(2n+1) (M−2n,∞(x)))
k (x, seed
R
(2n+1)
E(2n+1)
r1 , . . . , seed
R
(2n+1)
E(2n+1)
rf(k) ))k<ω.
By analyzing the representative functions of ordinals below u
(2n+1)
E(2n+1), we
conclude the following in parallel to the level-1 scenario:
Lemma 4.4. Suppose δ12n+1 ≤ β < j
W (δ12n+1) is a limit ordinal. Then:
1. The W -uniform cofinality of β is equal to ucfL[j
W (T2n+1)](β).
2. Suppose the W -signature of β is (di,wi)i<k, the W -approximation se-
quence of β is (γi)i≤k, the W -partial level ≤ 2n+1 tower induced by β
is (Pi, . . . )i. Then:
(a) For i < l < k, jPi,Plsup (γi) < γl < j
Pi,Pl(γi).
(b) For i < k, (σ ↾dom(Pi))
W
sup(γi) ≤ γk < (σ ↾dom(Pi))
W (γi).
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(c) For i < k, (σ ↾ dom(Pi))
W
sup(γi) = γk iff i = k − 1 and β is W -
essentially continuous.
(d) β = σW (γk).
Lemma 4.5. Suppose π factors finite level ≤ 2n + 1 trees (W,W ′). Sup-
pose γ < jP (δ12n+1) and π
W ′
sup(γ) < γ
′ < πW
′
(γ). Let ((dk, wk))k<v, (γk)k≤v,
(P,
−−−−−→
(d, p, R)) be theW -signature,W -approximation sequence andW -potential
partial level ≤ 2n + 1 tower induced by γ respectively. Let ((d′k, w
′
k))k<v′,
(γ′k)k≤v′, (P
′,
−−−−−−→
(d′, p′, R′)) be theW ′-signature,W ′-approximation sequence and
W ′-potential partial level ≤ 2n + 1 tower induced by γ′ respectively. Let
cfL[j
W (T2n+1)](γ) = seedW(d∗,w∗). Then
1. v < v′, π(dk, wk) = (d
′
k, w
′
k) and γk = γ
′
k for any k < v. γ is essentially
discontinuous → γv = γv′. γ is essentially continuous→ γv < γv′.
2. l′k /∈ ran(π) for v ≤ k < v
′.
3. P is a proper subtree of P ′ and ~p is an initial segment of ~p′.
Moreover, if γ′ < γ′′ < πW
′
(γ) and (γ′′k)k≤v′′ is the W
′-approximation se-
quence of γ′′, then γ′v < γ
′′
v .
Lemma 4.6. Suppose P,W are finite level ≤ 2n + 1 trees and σ factors
(P,W ). Suppose γ < jP (δ12n+1) and cf
L[jP (T2n+1)](γ) = seedP(d,p), (d,p) ∈
desc∗(P ) is regular. Then
1. σW is continuous at γ iff (σ,W ) is continuous at (d,p).
2. Suppose (σ,W ) is discontinuous at (d,p). Let (P+, σ+) be the W -
decomposition of π. Then σWsup(γ) = (σ
+)W ◦ jP,P
+
sup (γ).
Lemma 4.7. Suppose (P−, (d, p, R)) is a partial level ≤ 2n+1 tree and P is
a completion of (P−, (d, p, R)). Suppose W is a level ≤ 2n+ 1 tree and σ, σ′
both factor (P,W ), σ and σ′ agree on dom(P−), σ′(d, p) = pred(σ,W, (d, p)).
Then for any β < jP
−
(δ12n+1) such that cf
L[jP
−
(T2n+1)](β) = seedP
−
ucf(P−,(d,p,R)),
we have
σW ◦ jP
−,P
sup (β) = (σ
′)Wsup ◦ j
P−,P (β).
Lemma 4.8. Suppose (P, (d, p, R)) is a partial level ≤ 2n+1 tree, ucf(P, (d, p, R)) =
(d∗,p∗) and σ factors (P,W ). Suppose β < jP (δ12n+1) and either
1. d = 0, P+ = P , σ′ = σ, cfL[j
P (T2n+1)](β) = ω, or
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2. d > 0, P+ is a completion of P , σ′ factors (P+,W ), σ = σ′ ↾dom(P ),
σ′(d, p) = pred(σ, T, (d∗,p∗)), cfL[j
P (T2n+1)](β) = seedP(d∗,p∗).
Then
σW (β) = (σ′)Wsup ◦ j
P,P+(β).
(10:n) follows from (4:n). The proofs of (11:n)(12:n) generalize their level-
1 versions, appealing to the general remarkability of level-(2n+1) sharps when
necessary.
5 The level-(2n+ 2) sharp
From now on, we assume ∆12n+2-determinacy. We will prove (13:n)-(45:n).
For x ∈ R, a putative x-(2n+1)-sharp is a remarkable, level ≤ 2n correct
level-(2n+1) EM blueprint over x that satisfies the universality of level ≤ 2n
ultrapowers axiom. Suppose x∗ is a putative x-3-sharp. For any limit ordinal
α < δ12n+1, we can build an EM model
M∗x∗,α
as follows. Let R be a level-(2n+1) tree such that J∅KR = α. Then M∗x∗,α =
(M∗x∗,R)∞. This definition is independent of the choice of R. We say that x
∗
is α-iterable iff α is in the wellfounded part of M∗x∗,α.
A putative level-(2n+1) sharp code for an increasing function is w =
〈pτq, x∗〉 such that x∗ is a putative x-(2n+1)-sharp, τ is a unary Lx-Skolem
term and
“∀v, v′((v, v′ ∈ Ord∧v < v′)→ (τ(v) ∈ Ord∧τ(v) < τ(v′)))”
is true in x∗(∅). The statement “ 〈pτq, x∗〉 is a putative level-(2n+1) sharp
code for an increasing function, x∗ is α-iterable, r codes the order type of
τMx∗,α(α)” about (〈pτq, x∗〉, r) is Σ12n+1 in the code of α. In addition, when
x∗ = x(2n+1)#, 〈pτq, x∗〉 is called a (true) level-(2n+1) sharp code for an
increasing function.
The proof of (13:n)-(14:n) is basically a copy of the arguments in [10].
By (13:n), every subset of u
(2n+1)
E(2n+1) in Lδ12n+3 [T2n+2] is ∆
1
2n+3. We use this
and Moschovakis Coding Lemma [2] to prove (15:n). Suppose A ⊆ δ12n+1 is
in Lδ12n+3 [T2n+2]. Suppose B,C ⊆ R are Π
1
2n+2(x) subsets of R
2 such that
(w ∈ WO(2n+1) ∧ |w| ∈ A) iff ∃z((w, z) ∈ B) iff ¬∃z((w, z) ∈ C). By
Moschovakis Coding Lemma, there is a real y and a Σ12n+2(y) set D ⊆ R
2
satisfying:
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• If (w, z) ∈ D then w ∈WO(2n+1) and there is w′ ∈WO(2n+1) such that
‖w‖ = ‖w′‖ and (w′, z) ∈ B ∪ C,
• If w ∈WO(2n+1) then there is w′ ∈WO(2n+1) and z such that (w′, z) ∈
B ∪ C.
Then A is Σ12n+2(x, y) and hence A ∈ L[T2n+1, x, y].
(16:n) is a simple generalization of the level-2 partition property of ω1
in [9]. The idea of partially iterable level-(2n−1) sharps is used in the proof.
(17:n) follows from (10:n). (18:n) is a simple generalization of the n = 0
case, using (12:n) when necessary.
We now prove (19:n). To save notations, we prove the case n = 1. The
statement is:
Suppose R is a Π13-wellfounded level-3 tree. Suppose µ is a non-
principal Lδ15[T4]-measure on j
R(δ13). Then there are functions
g, h ∈ L[jR(T3)], a finite level≤ 4 treeQ, nodes (d1, q1), . . . , (dk, qk) ∈
dom(Q), such that h : jP (δ13) → (j
P (δ13))
k, g : (jP (δ13))
k →
jP (δ13), h is 1-1 a.e. (ν), g is 1-1 a.e. (µ
Q
−−→
(d,q)
), g = h−1 a.e. (ν), and
A ∈ µQ−−→
(d,q)
iff (h−1)′′A ∈ ν.
Take the restricted ultrapower
j : L[jR(T3)]→ Ult(L[j
R(T3)], µ) = L[j ◦ j
R(T3)].
β < j ◦ jR(δ13) is called (only in this proof) a uniform indiscernible iff β is
represented by some f in this ultrapower such that for any x ∈ R, for ν-a.e.
ξ, f(ξ) ∈ jR(I(≤3)x ).
Claim 5.1. The set of uniform indiscernibles is closed below j ◦ jR(δ13).
Proof. Suppose that β < jR(δ13) is not a uniform indiscernible and β = [f ]ν .
Pick x such that for ν-a.e. ξ, f(ξ) /∈ jR(I(≤3)x ). Let g(ξ) = max(f(ξ) ∩
jR(I
(≤3)
x )). Then [g]ν < β and any γ ∈ ([g]ν , β) is not a uniform indiscernible.
So β cannot be a limit of uniform indiscernibles.
Claim 5.2. If [f ]ν < j ◦ jR(δ
1
3) is not a uniform indiscernible, then there is
a real x such that putting g(ξ) = max(f(ξ) ∩ jR(I(≤3)x )), either [g]ν = 0 or
[g]ν is a uniform indiscernible.
Proof. Suppose not. Pick x0 such that for ν-a.e. ξ, f(ξ) /∈ jR(I
(≤3)
x0 ). Let
f0(ξ) = max(f(ξ) ∩ jR(I
(≤3)
x0 )). Then [f0]ν is not a uniform indiscernible
and 0 < [f0]ν < [f ]ν . Continuing this way, we obtain a descending chain of
ordinals [f ]ν > [f0]ν > [f1]ν > . . . .
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Claim 5.3. If α < j ◦ jR(δ13) then there is a real z, an L-Skolem term τ and
uniform indiscernibles β1, . . . , βk ≤ α such that
α = τL[j◦j
R(T3),z](z, β1, . . . , βk).
Proof. Suppose without loss of generality that α is not a uniform indis-
cernible. We show by induction on α. Let α = [f ]ν . If α <the small-
est uniform indiscernible, by Claim 5.2, there is x such that for ν-a.e. ξ,
f(ξ) < min(I
(≤3)
x ). By the analysis of level ≤ 2 indiscernibles, there is a term
τ such that
τL[j
R(T3),x3#](x3#, ·)
defines a surjection from ω onto I
(≤3)
x . So there is l < ω such that
α = τL[j◦j
R(T3),x3#](x3#, l)
and we are done.
If β is the largest uniform indiscernible below α, by Claims 5.1-5.2, there
is x and g(ξ) = max(f(ξ) ∩ jR(I(≤3)x )) such that [g]ν is the largest uniform
indiscernible below α. By the analysis of level ≤ 2 indiscernibles and level-3
indiscernibles, there is a term τ such that
τL[j
R(T3),x3#](x3#, g(ξ), ·)
defines a surjection from g(ξ) onto min(jR(I≤3x ) \ f(ξ)). So there is γ < [g]ν
such that
α = τL[j◦j
R(T3),x3#](x3#, g(ξ), γ).
By induction, γ can be represented as
γ = σL[j◦j
R(T3),z](z, β1, . . . , βk)
for uniform indiscernibles β1, . . . , βk ≤ γ. Now combine the last two formulas
together.
Let β1, . . . , βk ≤ [id]ν be uniform indiscernibles and z, τ be given by
Claim 5.3 such that
[id]ν = τ
L[j◦jR(T3),z](z, β1, . . . , βk).
Let βi = [fi]ν . Let h : j
R(δ13)→ (j
R(δ13))
k be
h(ξ) = (f1(ξ), . . . , fk(ξ)).
Let g(γ1, . . . , γk) = τ
L[jR(T3),z](z, γ1, . . . , γk). Clearly g◦h = id a.e. (ν). There
is a unique finite level ≤ 4 tree Q and nodes (d1, q1), . . . , (dk, qk) ∈ dom(Q)
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such that dom(Q) is the upward closure of {(d1, q1), . . . , (dk, qk)} and for ν-
a.e. ξ, there is ~δ respecting Q such that δ(di,qi) = fi(ξ). If µ
Q
−−→
(d,q)
(A) = 1, take
clubs C ⊆ δ13 and E ⊆ ω1, both in L[T3] such that [E,C]
Q↑
−−→
(d,q)
⊆ A. Since [fi]
is a uniform indiscernible, we have fi(ξ) ∈ (∪P finitejP (E))∪{uω}∪ jR(C) for
ν-a.e. ξ. Thus (h−1)′′A ∈ ν. Thus h ◦ g = id a.e. (µQ−−→
(d,q)
) from [6, Fact 3.4].
This finishes the proof of (19:n) for n = 1.
We then use the proof of (19:n) to show (20:n). Again we assume n = 1. A
set A ⊆ jR(δ13) is R-simple iff there are clubs E ⊆ ω1, C ⊆ δ
1
3, both in L[T3],
a finite level ≤ 4 tree Q, nodes (d1, q1),. . . ,(dk, qk) and an F : (jR(δ
1
3))
m →
jR(δ13) such that
1. F is 1-1 on [E,C]Q↑−−→
(d,q)
,
2. A = F ′′[E,C]Q↑−−→
(d,q)
,
3. F ∈ L[jR(T3)].
Every subset of jR(δ13) in Lδ15 [T4] is ∆
1
5. Let G ⊆ R
2 be a universal Π15 set.
Apply the proof of [6, Section 3.3] but change h : R։ P(λ) in the proof of
Lemma 3.7 to h(x) = Gx. We see that every A ∈ P(j
R(δ13)) ∩ Lδ15 [T4] is a
countable union of R-simple sets. Applying everything above to R = R(3),
we get a ∆15 coding of subsets of u
(3)
ωω
ω in Lδ15 [T4].
(21:n) simply follows from definitions. (22:n) follows from (41:n− 1) and
(37:k) for k < n, (12:k) for k ≤ n. (23:n) follows from Lemmas 4.7, 4.8 and
(37:k) for k < n, (12:k) for k ≤ n. (24:n) follows from  Los´, (21:n)(22:n− 1)
and (37:k) for k < n, (12:k) for k ≤ n.
The proof of (25:n) generalizes the n = 0 case in [10]. We explain
some of the details for the n > 0 case. Parts (b)(c) follow from part
(a) and  Los´. We prove part (a). Let Q,W be as given. By (33:n −
1), (id≤2n−2Q⊗≤2n−2W )
≤2n−2Q,≤2n−2W is the identity on δ12n+1 and agrees with
(idQ⊗W )
Q,W . By (3:n), the set of L[jQ⊗W (T2n+1)]-cardinals in the interval
[δ12n+1, j
Q⊗W (δ12n+1)] is the closure of {seed
(Q⊗W )
(2n+1,A) : A ∈ desc
∗∗(2n+1Q⊗W )}.
We prove by induction on ‖A‖≺Q⊗W∗ that (idQ⊗W )
Q,W ↾ (seedQ⊗W(2n+1,A)+1) is
the identity. By elementarity, it suffices to prove that (idQ⊗W )
Q,W is con-
tinuous at seedQ⊗W(2n+1,A). We prove the typical case when
≤2n+1Q = ∅ and
≤2n+1W 6= ∅.
Case 1: ‖A‖≺Q⊗W∗ = 0.
ThenA = ((q, σ), idT , T ) where puttingD = (2n+2,q, σ) ∈ desc(Q,W, ∗),
we have lh(D) = 1, Q ⊗ W (D) = (T, (c, t, S)), D ≺Q⊗W D′ whenever
50
lh(D′) = 1 and D 6= D′. Let Q′ be the extension of Q by adding the
node (2n+1, ((0))) into its domain such that Q′(2n+1, ((0))) = (T, (c, t, S)).
Given any g such that [g]µQ < (idQ⊗W )
Q,W (δ12n+1), we partition functions f ∈
((δ12i+1)i≤m)
Q′↑ according to whether or not 2n+1[f ]Q
′
((0)) ≤ g([f ↾ rep(Q)]
Q). We
obtain, by (16:n) and the assumption on g, clubs ~E = (Ei)i≤m ∈
∏
i≤m ν2i+1
such that for any f ∈ ~EQ
′↑, 2n+1[f ]Q
′
((0)) > g([f ↾ rep(Q)]
Q). This implies
that [g]µQ <the u
(2n−1)
E(2n−1)-th element of Em. So (idQ⊗W )
Q,W is continuous at
δ
1
2n+1 = seed
Q⊗W
(2n+1,A).
Case 2: ‖A‖≺Q⊗W∗ > 0.
We prove the case when A = ((q, σ), π, T ), where putting D = (2n +
2,q, σ), we have D ∈ desc(Q,W, ∗) and q is of discontinuous type. The
other cases when A = ((q, σ)⌢(−1), π, T ) or q is of continuous type are
similar. Put q = (q, P, (di, pi, Ri)i≤k+1). If ‖A‖≺Q⊗W∗ = η + 1 is a successor,
we must have that dk+1 = 0 and (π, T ) is discontinuous at (dk, pk). Let
A′ = ((q, σ), π′, T ) where π′ and π agree on dom(Q) \ {(dk, pk)}, π
′(dk, pk) =
pred(π, T, (dk, pk)). Then ‖A′‖≺Q⊗W∗ = η. Given any g such that [g]µQ <
(idQ⊗W )
Q,W (seedQ⊗W(2n+1,A)), we partition function f ∈ ((δ
1
2i+1)i≤m)
T↑ according
to whether or not [f ]Tπ′(dk ,pk) ≤ g(([f ]
T )π). The homogeneous side must satisfy
>, yielding that [g]µQ < seed
Q⊗W
(2n+1,A). If ‖A‖≺Q⊗W∗ = η is a limit, we must
have dk+1 > 0 and we obtain (Ai, πi, Ti)i<ω such that supi<ω ‖Ai‖≺Q⊗W∗ = η
and for any i, Ai = ((q, σ)
⌢(−1), πi, Ti) ∈ desc
∗∗(Q⊗W ). We may further
assume that: T0 is a one-node extension of T , Ti+1 is a one-node extension
of Ti, t0 ∈ dom(T0) \ dom(T ), ti+1 ∈ dom(Ti+1) \ dom(Ti), dkπi(pk) = ti and
dk > 1 implies that t
−
i = t
−
0 and
dkTi[ti] =
dkTi[t0]. Let Tω = ∪iTi and work
with partition arguments based on Tω.
(26:n) follows from (25:n) and  Los´.
(27:n) is proved as follows. Suppose Q is a finite level ≤ 2n + 2 tree.
By (18:n), jP (T2n+1) ∈ Lδ12n+3 [T2n+2] for any finite level-(2n + 1)-tree P ,
and hence by (3:n), the set of Lδ12n+3 [j
Q(T2n+2)]-cardinals in the interval
[δ12n+1, δ
1
2n+3) is a subset of {u
(2n+1)
ξ : 0 < ξ ≤ E(2n+ 1)}. But every u
(2n+1)
ξ
is an Lδ12n+3 [j
Q(T2n+2)]-cardinal by an easy adaption of Martin’s proof that
under AD, if κ has the strong partition property and µ is an ultrafilter on κ,
then jµ(κ) is a cardinal. The part on Lδ12n+3 [j
Q(T2n+2)]-regular cardinals is
an easy generalization of the n = 0 case in [10].
(28:n) is a simple computation, using (27:n) for the part concerning uni-
form cofinality.
(29:n) simply follows from definitions. (30:n) follows from (23:n) and
(37:k) for k < n, (12:k) for k ≤ n. (31:n) follows from Lemmas 4.7, 4.8 and
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(37:k) for k < n, (12:k) for k ≤ n. (32:n) follows from  Los´, (29:n)-(30:n) and
(37:k) for k < n, (12:k) for k ≤ n.
(33:n) follows from (25:n), (27:n) and the associativity of the ⊗-operator
acting on level (≤ 2n+ 2,≤ 2n+ 2,≤ 2n + 1) trees.
We outline the proof of (34:n). Let θ : rep(X) → rep(T ) be an iso-
morphism. For (e, x) ∈ dom(X) and e > 1, let Xtree(e, x) = W(e,x). Let
~E = (Ei)i≤n ∈
∏
i≤n ν2i+1, (de,x, te,x) ∈ desc(T ), t(e,x) = (te,x, Se,x, . . . ) when
d(e,x) > 1, and let θ(e,x) ∈ Lδ12n+3 [T2n+2] be such that
• d(e,x) = 1 implies e = 1 and θ(1, (x)) = (d(1,x), (t(1,x))), and
• d(e,x) > 1 implies that for any ~α ∈ [ ~E]
W(e,x)↑, θ(e, ~α⊕eQx) = (d(e,x), θ(e,x)(~α)⊕d(e,x)T
t(e,x)).
If d(e,x) > 1, let ~β(e,x) = (β(e,x),(a,s))(a,s)∈dom(S(e,x)) = [θ(e,x)]µW(e,x) , for k ≤ n,
let
B
(2k+1)
(e,x) = {(a, s) ∈ dom(S(e,x)) : a = 2k + 1, β(e,x),(a,s) < δ
1
2k+1},
B
(2k+2)
(e,x) = {(a, s) ∈ dom(S(e,x)) \B
(2k+1)
(e,x) : 2k + 1 ≤ a ≤ 2k + 2}.
For e > 1 and 2 ≤ k ≤ 2n+ 2, let
D
(k)
(e,x) = {(a, s) ∈ B
(k)
(e,x) : β(e,x),(a,s) is S(e,x)-essentially continuous},
E
(k)
(e,x) = B
(k)
(e,x) \D
(k)
(e,x).
If (a, s) ∈ B(k)(e,x) and a > 1, let (S(e,x))tree(a, s) = U(e,x),(a,s), let Φ(e,x),(a,s) be
the ≤k−1(W(e,x) ⊗ U(e,x),(a,s))-potential partial level ≤ k − 1 tower induced
by β(e,x),(a,s), let lh(Φ(e,x),(a,s)) be the length of the second coordinate of
Φ(e,x),(a,s), let (B(e,x),(a,s),i)i<v(e,x),(a,s) be the
≤k−1(W(e,x)⊗U(e,x),(a,s))-signature
of β(e,x),(a,s), let σ(e,x),(a,s) be
≤k−1(W(e,x) ⊗ U(e,x),(a,s))-factoring map induced
by β(e,x),(a,s), and let (γ(e,x),(a,s),i)i≤v(e,x),(a,s) be the
≤k−1(W(e,x) ⊗ U(e,x),(a,s))-
approximation sequence of β(e,x),(a,s). Let
φ1 : {β(e,x),(a,s) : (e, x) ∈ dom(X), (a, s) ∈ B
(1)
(e,x)} → Z
1
be a bijection such that Z1 is a level-1 tree and v < v′ ↔ φ1(v) <BK φ1(v′).
For 2 ≤ k ≤ 2n+ 2, let
φk :{(B(e,x),(a,s),i, γ(e,x),(a,s),i)i<l : (e, x) ∈ dom(X), (a, s) ∈ B
(k)
(e,x), l < lh(Φ(e,x),(a,s))}
→ Zk ∪ {∅}
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be a bijection such that Zk is a tree of level-1 trees and v ⊆ v′ ↔ φk(v) ⊆
φk(v′), v <BK v
′ ↔ φk(v) <BK φk(v′). Let
Q = (1Q, . . . , 2n+2Q)
be a level ≤ 2n+ 2 tree where dom(kQ) = Zk and for 2 ≤ k ≤ 2n+ 2,
kQ[φk((w(e,x),(a,s),i, γ(e,x),(a,s),i)i<lh(Φ(e,x),(a,s)))
⌢(−1)] = Φ(e,x),(a,s) when (a, s) ∈ D
(k)
(e,x),
kQ[φk((w(e,x),(a,s),i, γ(e,x),(a,s),i)i<lh(Φ(e,x),(a,s)))] = Φ(e,x),(a,s) when (a, s) ∈ E
(k)
(e,x).
Let π factor (X, T,Q), where π(1, x) = (1, t(e,x), ∅) if d(1,x) = 1, π(e, x) =
(d(e,x), t(e,x), τ(e,x)) if d(e,x) > 1, where τ(e,x) factors (S(e,x), Q,W(e,x)), τ(e,x)(a, s)
is equal to
• (1, φ1(β(e,x),(a,s)), ∅) if (a, s) ∈ B
(1)
(e,x),
• (k, (φk(B(e,x),(a,s),i, γ(e,x),(a,s),i)i<lh(Φ(e,x),(a,s))
⌢(−1))⌢Φ(e,x),(a,s), σ(e,x),(a,s))
if (a, s) ∈ D(k)(e,x), k > 1,
• (k, (φk(B(e,x),(a,s),i, γ(e,x),(a,s),i)i<lh(Φ(e,x),(a,s)))
⌢Φ(e,x),(a,s), σ(e,x),(a,s)) if (a, s) ∈
E
(k)
(e,x), k > 1.
The fact that θ is an isomorphism implies that π minimally factors (X, T,Q).
By analyzing the representative functions, we obtain the following lemmas
in parallel to Lemmas 4.6-4.8.
Lemma 5.4. Suppose Q, T are finite level ≤ 2n+1 trees and π factors (Q, T ).
Suppose γ < jQ(δ12n+1) and cf
L
δ1
2n+3
[jQ(T2n+2)]
(γ) = seedQ(d,q), (d,q) ∈ desc
∗(Q)
is regular. Then
1. πT is continuous at γ iff (π, T ) is continuous at (d,q).
2. Suppose (π, T ) is discontinuous at (d,q). Let (Q+, π+) be the T -decomposition
of π. Then πTsup(γ) = (π
+)T ◦ jQ,Q
+
sup (γ).
Lemma 5.5. Suppose (Q−, (d, q, P )) is a partial level ≤ 2n+2 tree and Q is
a completion of (Q−, (d, q, P )). Suppose T is a level ≤ 2n + 2 tree and π, π′
both factor (Q, T ), π and π′ agree on dom(Q−), π′(d, q) = pred(π, T, (d, q)).
Then for any γ < δ12n+3 such that cf
L
δ1
2n+3
[jQ
−
(T2n+2)]
(γ) = seedQ
−
ucf(Q−,(d,q,P )),
we have
πT ◦ jQ
−,Q
sup (γ) = (π
′)Tsup ◦ j
Q−,Q(γ).
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Lemma 5.6. Suppose (Q, (d, q, P )) is a partial level ≤ 2n+2 tree, ucf(Q, (d, q, P )) =
(d∗,q∗) and π factors (Q, T ). Suppose γ < δ12n+3 and either
1. d = 0, Q+ = Q, π′ = π, cfL[j
Q(T2n+2)](γ) = ω, or
2. d > 0, Q+ is a completion of Q, π′ factors (Q+, T ), π = π′ ↾ dom(Q),
π′(d, q) = pred(π, T, (d∗,q∗)), cf
L
δ12n+3
[jQ(T2n+2)]
(γ) = seedQ(d∗,q∗).
Then
πT (γ) = (π′)Tsup ◦ j
Q,Q+(γ).
(35:n) follows from (17:n). The proof of (36:n) generalizes Lemma 4.2,
using (25:n) when necessary. The proof of (37:n) generalizes the lower levels
in an obvious way, using (27:n) when necessary.
The proof of (38:n) is an easy generalization of the lower levels, using
Lemmas 5.4-5.6 when necessary.
(39:n) simply follows from definitions. (40:n) follows from (31:n) and
(12:k)(37:k) for k ≤ n. (41:n) follows from Lemmas 5.5-5.6 and (12:k)(37:k)
for k ≤ n.
The proof of (42:n) is similar to (34:n).
We outline the proof of (43:n). Suppose R, (d, q, P ), k are as given. The
case k < n follows from (43:k). The case d = 2n+ 1 follows from (45:n− 1).
Assume now d = 2n + 2. Ordinals of the form τ j
P (M−2n+2,∞(x))(x, seedP((0)))
are cofinal in jP (δ12n+1). Fix such an α = τ
jP (M−2n+2,∞(x))(x, seedP((0))) and we
build a Π12n+2-wellfounded level-(2n + 2) tree T such that Ttree(((0))) = P
and J((0))KT > α. Indeed, we build T satisfying Ttree(((0))) = P and for any
z ∈ [dom(T )], T (z) =DEF ∪iT (z ↾ i) is a level ≤ 2n + 1 tree as the “join” of
(W(z)i,(z)i+1)−1≤i<ω, where (z)−1 is computable from (z)0 so that if (z)0 codes
(x, P, γ, Q, ~β, pσq), a level ≤ 2n + 1 code for an ordinal in δ12n+1 relative to
x, then (z)−1 codes (x, P, γ, Q
(2n)
0 ,
~β(2n), pτq), ~β(2n) respects Q
(2n)
0 , and W(v,v′)
is Π12n+1-wellfounded iff v, v
′ code v¯, v¯′, level ≤ 2n + 1 codes for ordinals in
δ
1
2n+1 relative to x, such that |v¯| > |v¯
′|.
(44:n) follows from (43:n) by a straightforward generalization of the cor-
responding arguments in [9,10]. The reader who can follow us this far should
have no problem figuring out the details. The proof of (45:n) is similar to
(44:n).
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